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Inductive vect (A : Type) : N — Type :=
| nil: vect AOQ

| cons {n: N} (head : A) (tail : vect An) : vect A (1+n) B ——
head: forall (A: Type) (n: N), vect A (14n) — A then O?
else

filter : forall {A: Type} (P: A — B) {len: N} (1 : vect A len), vect A/.

head N ? (filter even (1::2::4 :: nil)) ~>head N ? (2: 4 :nil) ~ 2
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GCIC & CastCIC: a marriage of Gradual & Dependent Types

Gradualizing the CIC [TOPLAS'22]

TAA Unknown terms and types
GCIC elaboratesto - a5tCIC err ,: A Errors

(B<= A)t Casts

Precision between types Precision enforces cast validity:
NSNCNo? C 252 C ? B=A
< > ACB — A~ B
K
(A < B)

Graduality [New & Ahmed 2018]
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The Fire Triangle of Graduality & GRIP (3

Conservativity/ Cl

CastCICV

Recovering graduality: Internal Precision

GRIP = CastCICN + C +P

= A, B: Type;
r-AC;B:P

Semi-synthetic: carving out gradual types
Agradual < AC A

Not all constructions preserve precision !
A Reasonably Gradual Type Theory [ICFP'22]
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> [TOPLAS'22]: Ad-hoc vectors, encodings with Subset/refinement types, Index-first

> Propositional Equality for GDTP, Eremondi et.al [ICFP'22]

wCa wCb
rflwb:eqab

(eqab < eqaa)rflaa~ rfl (alb) a

> GRIP: right environment to study the graduality of arbitrary families

A general treatment of Gradual Families in GRIP!
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Abbreviating V :=vect A, (C <= B <= A) :=(C <= B) (B < A),

(VO <= V1< V0)nil
X Y

normal form ¢ (VO <= VO0)nil
(Free) (Forgetful)
(VO <=V erry < V0)nil
(Meet)



Organizing admissible behaviors of casts
(V:=vect A)

¥ (normal form) (Free)
(V0O <=V1«<=V0)nil ~» (VO <« Verry < V0)nil (Meet)
~+ (V0 <= VO0)nil (Forgetful)

How can we organize this multiplicity of behaviors ?

/ \‘
{6
0

e
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. 6
(V:=vect A)

» (normal form) (Free)
(V0O <=V1«<=V0)nil ~» (VO <« Verry < V0)nil (Meet)
~+ (V0 <= VO0)nil (Forgetful)

Characterize the interactions of eliminator with casts !

indy P hpi1 heons ((Vm <=V n)v) Vs (Pm < Pn)(indy P hpi1 heons V)

/ ) n ] \
Overprecise

Equiprecise
elimination

Underprecise
elimination

elimination
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Criteria for Gradual Inductive Families

Shape Relevance: No confusion of inductive type constructors

VOC V7N v VOL rype v BC VN X

Index Relevance: Inductive families reflect precision of indices

VpE Vg — P nEn g

Graduality for inductive families: Casts induce embedding-projection pairs

VpEVg = Vp Vg
K
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Parametrize ldx-indexed inductive families with a Listable Index Accumulator Acc
1: Acc ® : ldx x Acc — Acc S: Acc — list ldx
Instrument constructors with accumulators (Idx := N for V)

nil :{A: Type}(acc: Acc) — V(0 x acc)
cons : {A:Type}(acc: Acc){n:N}(a:A)(v:Vn)—V(Snxacc)

Replay casts upon elimination

indyect P hnil hcons (nil acc) ~ <Plp = ... = PI1 <~ P0>hni1



Examples of Index Accumulators

Free Meet
Accr = list ldx Accy := {T} + Idx x Idx
1[: = [] 1M =T
i ®F acc :=1i 1 acc i@m T = (i,i)

i@pm (J,m) = (i, i m)

Forgetful

Accy = option ldx
1y :=none

| ®y acc := some |
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Examples of Index Accumulators

Free

Accr ;= 1list ldx

=1l
| ®F acc ;=i :: acc

(VO <= V1<« V0)nil]]
(V0O <=V1<V0)nil T

Meet Forgetful
Accy := {T} + Idx x Idx Accy := optionldx
1y =T 1y :=none
i@m T = (i,i) i ®y acc := some i

i@pm (J,m) = (i, i m)

~ (V0 <= V1)nil [1] ~» il [0; 1]
~» (V0 < V1)nil (1,1710) ~» nil (0,erry)

(Free)
(Meet)
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Free Meet Forgetful
Accr = list ldx Accy := {T} + Idx x Idx Accy := optionldx
1r =] Iy =T 1y :=none
i ®F acc :=1i 1 acc i@m T = (i,i) i ®y acc := some i

i@pm (J,m) = (i, i m)

(VO < V1< V0nil]]  ~ (VO < V1)nil [1] ~ 1il [0;1] (Free)
(V0O <=V1<V0)nil T ~» (V0O <« V1)nil (1,110) ~» nil (0,erry) (Meet)
(V0O < V1 <V0)nilnone ~» (V0 < V1)nil (somel) ~» nil (some0) (Forgetful)
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In the paper: General scheme for inductive families over an index accumulator

Accumulators fit Eliminations

Forgetful accumulator Free accumulator Meet accumulator
Overprecise elimination Equiprecise elimination Underprecise elimination

> Shape and Index Relevance
o> Graduality for inductive families

> Subject reduction and Conservativity over CIC
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Contributions
> Criteria assessing gradual inductive families: shape and index relevance, graduality
> Elim/Cast interactions organize reduction space into 3 behaviors
> PUNK & Index accumulators as a uniform approach to gradual inductive families

> Each behavior can be realized by an Index accumulator and cohabit together

PUNK is not yet a proof assistant:

> Elaboration from a gradual source Tha N k You |
> WIP in Coq



