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head: forall (A: Type) (n: N), vect A (14n) — A

head N ? (filter even (1::2:: 4 :: nil)) ~>head N 7 (2: 4 :nil) ~ 2

Equations filter {A : Type} (P : A — B) {len: N} (1 : vect A len) : vect A// =
filter P nil := nil

if 1 =nil
filter P (head :: tail) when not (P head) := filter tail then 0
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GCIC & CastCIC: a marriage of Gradual & Dependent Types

maximal

Precision between types \
N—-NLCN—s?LC ?—7 C 7?7
| < >
[ ]
a Precision enforces cast validity:
CastCIC
(B < A)
s
> Unknown terms and types 7 ,: A ACB = A B
K
> Errors err ,: A (A < B)
> Castst: A = (B«<= A)t: B

Graduality [New & Ahmed 2018]
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From Gradualizing the CIC [TOPLAS 2022]
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No embedding of
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Graduality
Static & Dynamic GG

Conservativity: t, A ? -free
t has type A in GCIC iff t has type A in CIC
Fet: A <~ Fact: A
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Internal precision in GRIP N

CastCICN: Normalizing, conservative over CIC, not gradual

GRIP = CastCICN + "+ P

[-AB:O; A B:0; Tra:A T+b:B
FAC;B:P [Fa,lgb:P

P: Pure universe of propositions for sound reasoning

mure o
no error, definitionally
no casts, proof-irrelevant

no ?



Proofs of precision — External meaning

Dynamic Gradual Guarantee
DGG:V(A:O)(C:A—=B)(xy:A),x s,Coy = Cxglg Cy.

DGG A C holds < C,.5Cs.58C <= C monotone wrt. C



Proofs of precision — External meaning 5

Dynamic Gradual Guarantee
DGG:V(A:O)(C:A—=B)(xy:A),x s,Coy = Cxglg Cy.

DGG A C holds < C,.5Cs.58C <= C monotone wrt. C

DGG correspond to error-approximation:

true
< <
err g ’s
<& <

false
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addl :N = N:=Ax:Nx+1
add? : 70— N:= Ax: ?0.((N < 7o) x) + 1

X:N,Z:?D,XZ:XNE?DZ + xz:x By z
x:N,z:?D,xz:xNE-_,Dz FoxyEn(N<=0)z
x:N,z: g, xz:x By z B x+1\Ey((N<=?0)z)+1
V(x:N)(z:?0),x N7,z — addl x \Ey add? z

add1 N%NE?D_)N add?

(N < ?0) right adjoint

+1 monotone

Intros, compute

C on —
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Reasoning principles for C However
> heterogeneous transitivity > A 0.Cn, B < ALC;BABLC;
> 10— Z; 7o
aAEBb/\bBECC%aAECC, ' lz, !
> ?m; maximal for 0.Cp,» not for C;
> quasi-reflexivity > Mitigated by explicity cumulativity
a AEB b—a AEA anb BEB b, L(?Di_>?|:|i) Ei+1 ?[]I-Jrl
> adjunction properties
AE,‘B—><B<:A>QBEBb<:?aAEBb<:>aAEA<A<:B>b,

> decomposition through upper bounds
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Consistency Herip t: L (where L : P)
Idea: Build a model of GRIP in MLTT+SProp using partial pre-orders.
[L] is empty in the model.

Normalization
Idea: The translation [—] preserves reduction sequences
into a normalizing target (MLTT + SProp, Gilbert et al. [POPL'19]).

Gradual fragment GRIPT  Automatically precise terms
Idea: Raise universe levels on T1

I l_GRIPT A: D,’ F,x CA l_GRIPT B: |:|,'
r l_GRIPT Mx:AB: D,’+1
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Summary & Future work 9

GRIP = Partially gradual type theory + internal precision
> Proof of concept for GRIP in Agda
> Model in Coq based on partial pre-orders
> Non gradual operations, e.g. catch of ? / err on inductives
> Adresses DGG in an exceptional world (see paper).
>> Internal reasoning to establish graduality post-hoc

GRIP is a type theory, not yet a proof assistant:
> Elaboration from a gradual source |
> General inductive types Tha n k You .

> An actual implementation?
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Equations argOfDescr (s : stringDescr) : Type :=
argOfDescr "" := unit ;
argOfDescr ("%d" @ rest) := N — argOfDescr rest;

Definition printf : forall (s : stringDescr), argOfDescr s = ...

> printf does not type in GRIPT (arbitrary arity)
>> printf does type in GRIP
> It is not self-precise

D> but its retrictions to stringDescr bounded by some fixed length are self-precise.



