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Abstract

Computational monads are a convenient algebraic gadget to uniformly represent side-
effects in programming languages, such as mutable state, divergence, exceptions, or non-
determinism. Various frameworks for verifying that programs and meet their specification
have been proposed, but are all are specific to a particular combination of side-effects. For
instance, one can use Hoare logic to verify the functional correctness of programs with
mutable state with respect to pre/post-conditions specifications.

This thesis devises a principled semantic framework for verifying programs with arbi-
trary monadic effects in a generic way with respect to such expressive specifications. The
starting point are Dijkstra monads, which are monad-like structures that classify effectful
computations satisfying a specification drawn from a monad. Dijkstra monads have already
proven valuable in practice for verifying effectful code, and in particular, they allow the F*
program verifier to compute verification conditions.

We provide the first semantic investigation of the algebraic structure underlying Dijk-
stra monads and unveil a close relationship between Dijkstra monads and effect observa-
tions, i.e., mappings between a computational and a specification monad that respect their
monadic structure. Effect observations are flexible enough to provide various interpretations
of effects, for instance total vs partial correctness, or angelic vs demonic nondeterminism.
Our semantic investigation relies on a general theory of specification monads and effect ob-
servations, using an enriched notion of relative monads and relative monad morphisms. We
moreover show that a large variety of specification monads can be obtained by applying
monad transformers to various base specification monads, including predicate transform-
ers and Hoare-style pre- and postconditions. For defining correct monad transformers, we
design a language inspired by the categorical analysis of the relationship between monad
transformers and algebras for a monad.

We also adapt our framework to relational verification, i.e., proving relational proper-
ties between multiple runs of one or more programs, such as noninterference or program
equivalence. For this we extend specification monads and effect observations to the rela-
tional setting and use them to derive the semantics and core rules of a relational program
logic generically for any monadic effect. Finally, we identify and overcome conceptual chal-
lenges that prevented previous relational program logics from properly dealing with effects
such as exceptions, and are the first to provide a proper semantic foundation and a relational
program logic for exceptions.
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Chapter 1

Introduction

«En un mot, la cuisine, sans cesser d’étre un art,
deviendra scientifique et devra soumettre ses
formules, empiriques trop souvent encore, a une
méthode et & une précision qui ne laisseront rien au
hasard.»

Auguste Escoffier, Le Guide culinaire, 1907

This manuscript is not dedicated to the art of cuisine, but to the science of computers and
more precisely to programs, which are the recipes used by computers. From this point of view,
a computer can be seen as a cook faithfully executing each step of a recipe in order to obtain
a result. Since we are a picky customer, we do not accept just any kind of result though, and
require the best quality, provided by formally verified programs.

The first task of program verification is to describe the expected behaviour of a program, via
a formal description called a specification. The crux of program verification is to prove that the
behavior of the program indeed satisfies the specification. For a simple example, consider the
following program computing the Fibonacci sequence:

letrec fib(n:Z):Z=1if n<1thennelse fib(n— 1)+ fib(n — 2)

What can we say about this program? From a mathematical point of view, we can solve the
recursive equation up42 = Upy+1 + Uy, With initial conditions ug = 0,u; = 1, obtaining the
closed form u,, = %(g@ 1+—2\/5

that for any n > 0, fib n computes u,, and to obtain a complete specification of fib, we should
also explain what happens for negative integers n < 0, namely that it returns n. However,
formally proving such a precise specification can be difficult. In this particular case, it entails
replaying the standard mathematical proof providing the closed form u,,, an accessible but time
consuming task. In certain scenarios, it might be enough for our purpose to prove a weaker, less
precise specification, but much easier to show, for instance that fib n > 0. In general, there are

n

— ¢'™) where ¢ = and ¢/ = f%. We could then specify

many different specifications that we can assign to a program for the purpose of verification.
Now, suppose that some careless programmer were to write the following variation to com-
pute the Fibonacci sequence:

letrec fib (n:Z):Z=if n=0|n=1thennelsefib’(n— 1)+ fib’ (n — 2)
This implementation does not change much from the previous, the condition n <1 was just

replaced by n=0| n=1 and, for n > 0 it actually computes the same values. However, if you
were to feed a negative integer, say —38, to fit’, the following infinite reduction sequence unrolls

fib —38 ~~ fib' —39 + fib' —40
~s (fib —40 + fib' —41) + (fib —41 + fib’ —42)
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and will continue executing for quite some time, since it will never hit the base case n==0|| n== 1.
We call such a program that sometimes never returns a value a divergent or partial program, by
opposition to a total program that always answers after computing for a finite — but arbitrary
- number of steps. While this simple example is quite contrived, considering partial programs
is a necessity if we want to implement expressive programs such as an evaluator for a Turing-
complete programming language. And from a program verification perspective, it means that
we need to be able to specify such partial programs and consequently specifications should have
the ability to specify not only the value a program may return but also how partial it is.

This is the point where computations take their independence from the idealistic world of
pure, total, mathematical functions. Concretely, side-effects can be used to distinguish the evalu-
ation strategy employed to evaluate a program, so the latter can no longer be naively modelled
as function returning a result. Nonetheless, to achieve anything, a useful program must at some
point trigger effects to interact with the external world. Examples of such interactions are query-
ing a user for input, storing persistent data to the file system, or exploring an unbounded search
space, possibly nondeterministically. Since effects are ubiquitous in our daily programming ac-
tivity, we would like to understand them deeply. We seek a solid and general theory explaining
what effects are, how we can use them to write useful programs, and most importantly, how we
can reason about the properties of such programs. As such, our work builds upon the general
model of side-effects as computational monads (Moggi, 1989), which can naturally capture effects
such as stateful computations, exceptions, non-termination, nondeterminism, or probabilities.

The aim of this thesis is to deepen our conceptual understanding of these monadic effects and
to work out the general principles of program verification for programs with arbitrary monadic
side-effects. To this end, we study a few areas of program verification and systematically asso-
ciate to a program logic (i.e., a deductive system for proving assertions about programs) an alge-
braic semantic counterpart. These algebraic objects consist of various generalizations of monads
and morphisms preserving the monadic structure. In the following sections we introduce these
objects and how they help program verification: specification monads to describe the behaviour
of programs, effect observation to connect computations with specifications, and Dijkstra monads
to bind the three together, as well as their relational variants. A running idea throughout is that
that the common algebraic laws underlying the semantics of various program logics for specific
effects provides insight into the nature of effects themselves.

1.1 Reasoning About Monadic Programs

Many approaches have been proposed for formally verifying effectful programs. In an imper-
ative setting, Hoare (1969) introduced a program logic to reason about properties of programs.
The judgments of this logic are Hoare triples of the form { pre } ¢ { post }. Intuitively, if the
precondition pre is satisfied, then running the program c leaves us in a situation where post
is satisfied, provided that c terminates. For imperative programs—i.e., statements changing the
program’s state—pre and post are predicates over the initial and the final state. These Hoare
triples are derived using inference rules such as

T e OARE-SE {pre} ci{q} {q} ca {post}
HOARE-SKIP {q}skip{q} H SEQ {pre} c1;c2 { post } (1.1)

Hoare’s approach can be directly adapted to the monadic setting by replacing imperative pro-
grams ¢ with monadic computations m : M A. This approach was first proposed in Hoare Type
Theory (Nanevski et al., 2008a,b), where a Hoare monad of the form HST pre A post augments
the state monad over A with a precondition pre : S — P and postcondition post : A x S — P.
So while preconditions are, like in Hoare logic, predicates over initial states, postconditions are
now predicates over both final states and results. Using this Hoare monad, we can reflect the
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inference rules of Hoare logic inside the typing judgements

HTT-Skip

I' F skip : HST (As. post ((),s)) 1 post

ke :HSTprelyg ' co : HST (As. ¢ ((), s)) A post
I'F ¢q;¢0 : HST pre A post

HTT-SEQ

where we write skip for the monadic program returning () and c;; ¢2 for the sequential com-
position of monadic programs dropping the (irrelevant) result of ¢;. While this approach was
successfully extended to a few other effects (Delbianco and Nanevski, 2013; Nanevski et al., 2008a,
2013), until our work, there was no general story on how to define a Hoare monad or even just
the shape of pre- and postconditions for an arbitrary effect.

A popular alternative to proving properties of imperative programs is Dijkstra’s (1975) weak-
est precondition calculus. The main insight of this calculus is that from the syntax of a program
¢ we can directly compute a weakest precondition wp(c, post) such that the formula pre =
wp(c, post) is valid if and only if the triple { pre } ¢ { post } is derivable, which allows to partly
automate the verification process by reducing it to a logical validity problem. Swamy et al.
(2013) observed that it is possible to adopt Dijkstra’s technique to ML programs with state and
exceptions elaborated to monadic style. They propose a notion of Dijkstra monad of the form
DST A wp, classifying stateful programs with exceptions returning values in A and where wp is
a predicate transformer that specifies the behavior of the monadic computation. These predicate
transformers are represented as functions that, given a postcondition on the final state, and ei-
ther the result value of type A or an exception of type F, calculate a corresponding precondition
on the initial state. The type of such predicate transformers can be written as follows (where P
is the type of propositions):

WM-A = (A+E)xS—P) —» (S—P)
~~ SN——
postconditions preconditions

In subsequent work, Swamy et al. (2016) extended this to programs that combine multiple sub-
effects. They compute more efficient weakest preconditions with respect to the actual effects of
the code, instead of verifying everything using WML above. For example, pure computations are
given specifications of type:

wPeA = ContpA = (A—=P) = P,
while stateful (but exception-free) computations are verified using specifications of type:
WS4 = (AxS—=P) = (S—=P).

An important observation underlying this technique is that predicate transformers have a nat-
ural monadic structure ensuring that analogs of the inference rules 1.1 hold for each of these
settings. For instance, it is not hard to see that the predicate transformer type WY is simply
the continuation monad with answer type P, that W' is the state monad transformer applied to
WPure and that WML is the state and exceptions monad transformers applied to W, While
this observation was historically made for WPure and WSt where the monad structure is more
obvious, we realized in retrospective that the pre-/post-conditions used in Hoare logic also have
such a monadic structure inducing exactly the rules (1.1):

PP*4 = (S—=P)x(AxS—P)

Generalizing over these examples, we introduce the notion of specification monad, capturing
abstractly this class of monads expressing specifications. These monadic structures are a key
ingredient of both Hoare monads and Dijkstra monads, providing a unified view of the specifi-
cations indexing these objects. Moreover, we investigate generic constructions of such specifi-
cation monads, in particular based on monad transformers, which reveals a rich theory that can
account for specifications for a variety of side-effects.
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1.2 Understanding Dijkstra monads

Generalizing over the previous discussion, a Dijkstra monad D A w is a monad-like structure
that classifies effectful computations returning values in A and specified by w : WA, where W
is what we call a specification monad.! The pragmatic observation that Dijkstra monads and the
associated verification methodology is effective for various effects (Swamy et al., 2016) led us to a
quest to generalize Dijkstra monads to arbitrary monadic effects. The main questions to answer
are: Given a monadic effect, how do we find a suitable specification monad for it? Is there a single
specification monad that we can associate to each effect? If not, what are the various alternatives,
and what are the constraints on this association for obtaining a proper Dijkstra monad?

Our Dijkstra Monads for Free (DM4Free) approach (Ahman et al., 2017) provides partial an-
swers to these questions: from a computational monad defined as a term in a metalanguage
called DM, a (single) canonical specification monad is automatically derived through a syntactic
translation. Unfortunately, while this approach works for stateful and exceptional computations,
it cannot handle several other effects, such as input-output (IO), due to various syntactic restric-
tions in DM.

To better understand and overcome such limitations, we observe that a computational monad
in DM is essentially a monad transformer applied to the identity monad; and that the spec-
ification monad is obtained by applying this monad transformer to the continuation monad
ContpA = (A — P) — P. Returning to the example of state, the specification monad W5t A
can be obtained from the state monad transformer StT M A = S — M (A x S). This reinter-
pretation of the DM4Free approach sheds light on its limitations: For a start, the class of supported
computational monads is restricted to those that can be decomposed as a monad transformer ap-
plied to the identity monad. However, this rules out various effects such as nondeterminism or
IO, for which no practical monad transformer is known (Adamek et al., 2012; Bowler et al., 2013;
Hyland et al., 2007).

Further, obtaining both the computational and specification monads from the same monad
transformer introduces a very tight coupling. In particular, in DM4Free one cannot associate dif-
ferent specification monads with a particular effect. For instance, the exception monad Exc A =
A+ FE is associated by DM4Free with the specification monad WA = ((A + E) — P) — P,
by applying the exception monad transformer ExcT M A = M (A + E) to Contp. This specifi-
cation monad requires the postcondition to account for both the success and failure cases. While
this is often desirable, at times it may be more convenient to use the simpler specification monad
Contp directly, allowing exceptions to be thrown freely, without having to explicitly allow this
in specifications. Likewise, for IO, one may wish to have rich specifications that depend on the
history of interactions with the external world, or simpler context-free specifications that are as
local as possible. In general, one should have the freedom to choose a specification monad that
is expressive enough for the verification task at hand, but also simple enough so that verification
is manageable in practice.

Moreover, even for a fixed computational monad and a fixed specification monad there can
be more than one way to associate the two in a Dijkstra monad. For instance, to specify ex-
ceptional computations using Contp, we could allow all exceptions to be thrown freely—as ex-
plained above, which corresponds to a partial correctness interpretation—but a different choice
is to prevent any exceptions from being raised at all—which corresponds to a total correctness
interpretation. Similarly, for specifying nondeterministic computations, two interpretations are
possible for Contp: a demonic one, in which the postcondition should hold for all possible result
values (Dijkstra, 1975), and an angelic one, in which the postcondition should hold for at least
one possible result (Floyd, 1967).

!Prior work has used the term “Dijkstra monad” both for the indexed structure D and for the index W (Ahman
et al., 2017; Jacobs, 2014, 2015; Swamy et al., 2013, 2016). In order to prevent confusion, we use the term “Dijkstra
monad” exclusively for the indexed structure D and the term “specification monad” for the index W.
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The key idea at this point is to decouple the computational monad and the specification monad:
instead of insisting on deriving both from the same monad transformer as in DM4Free, we con-
sider them independently and only require that they are related by an effect observation (Kat-
sumata, 2014), i.e., a mapping between two monads that respects their monadic structure.

%
M —_— W
computational effect observation specification
monad monad

For instance, an effect observation from nondeterministic computations could map a finite set
of possible outcomes to a predicate transformer in (A — P) — P. Given a finite set R of results
in A and a postcondition post : A — P, there are only two reasonable ways to obtain a single
proposition: either take the conjunction of post v for every v in R (demonic nondeterminism), or
the disjunction (angelic nondeterminism). For the case of IO, in our framework we can consider
at least two effect observations relating the IO monad to two different specification monads,

W and WHiSt where £ is the alphabet of 10 events:
WX = (X xE 3P) P «+— 10 — WX = (X x& —=P)—= (£ = P)

While both specification monads take postconditions of the same type (predicates on the final
value and the produced IO events), the produced precondition of WS X has an additional
argument £, which denotes the history of interactions (i.e., IO events) with the external world.

How do these effect observations compare to Dijkstra monads? It turns out that they are
two sides of the same coin: from an effect observation one can reconstruct a Dijkstra monad and
conversely. In particular, thanks to the many degrees of freedom allowed by effect observations,
we construct various novel Dijkstra monads in a uniform way.

1.3 Relational reasoning for arbitrary effects

Generalizing unary properties, which describe single program runs, relational properties describe
relations between multiple runs of one or more programs (Abate et al., 2019; Clarkson and Schnei-
der, 2010). Formally verifying relational properties has a broad range of practical applications.
For instance, one might be interested in proving that the observable behaviors of two programs
are related, showing for instance that the programs are equivalent (Blanchet et al., 2008; Chadha
et al., 2016; Stefan Ciobaci et al., 2016; Godlin and Strichman, 2010; Hur et al., 2012, 2014; Kundu
et al., 2009; Timany et al., 2018; Wang et al., 2018; Yang, 2007), or that one refines the other
(Timany and Birkedal, 2019). In other cases, one might be interested in relating two runs of a sin-
gle program, but, as soon as the control flow can differ between the two runs, the compositional
verification problem becomes the same as relating two different programs. This is for instance
the case for noninterference, which requires that a program’s public outputs are independent of its
private inputs (Antonopoulos et al., 2017; Banerjee et al., 2016; Barthe et al., 2019; Clarkson and
Schneider, 2010; Nanevski et al., 2013; Sabelfeld and Myers, 2003; Sousa and Dillig, 2016). The list
of practical applications of relational verification is, however, much longer, including showing
the correctness of program transformations (Benton, 2004), cost analysis (Cicek et al., 2017; Qu
et al., 2019; Radicek et al., 2018), program approximation (Carbin et al., 2012; He et al., 2018), se-
mantic diffing (Girka et al., 2015, 2017; Lahiri et al., 2012; Wang et al., 2018), cryptographic proofs
(Barthe et al., 2009, 2013a, 2014; Petcher and Morrisett, 2015; Unruh, 2019), differential privacy
(Barthe et al., 2013b, 2015; Gavazzo, 2018; Zhang and Kifer, 2017), and even machine learning
(Sato et al., 2019).

As such, many different relational verification tools have been proposed, making different
trade-offs, for instance between automation and expressiveness (see section 6.5 for further dis-
cussion). In this manuscript, we focus on relational program logics, which are a popular formal
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foundation for various relational verification tools. Relational program logics are proof systems
whose rules can be used to prove that a pair of programs meets a rich relational specification.
As such they are very expressive, and can in particular handle situations in which verifying the
desired relational properties requires showing the full functional correctness of certain pieces
of code. Yet they can often greatly simplify reasoning by leveraging the syntactic similarities
between the programs we relate. Since Benton’s (2004) seminal Relational Hoare Logic, many
relational program logics have been proposed (Aguirre et al., 2017; Banerjee et al., 2016; Barthe
et al., 2013b, 2014, 2015, 2016; Carbin et al., 2012; Nanevski et al., 2013; Petcher and Morrisett,
2015; Qu et al., 2019; Radicek et al., 2018; Sato et al., 2019; Sousa and Dillig, 2016; Unruh, 2019;
Yang, 2007; Zhang and Kifer, 2017). However, each of these logics is specific to a particular com-
bination of side-effects that is completely fixed by the programming language and verification
framework; the most popular side-effects these logics bake in are mutable state, general recur-
sion, cost, and probabilities.

Leveraging the ideas developed in the unary (i.e., non-relational) setting outlined in sec-
tion 1.2, we distill the generic relational reasoning principles that work for many, if not all,
monadic side-effects and that underlie relational program logics. An important insight is that the
notion of specification monad can be extended to encompass relational specifications capturing
a shared behaviour or a comparison of the behaviours of two programs, while keeping a compo-
sitional monad-like structure. For instance, considering two stateful programs ¢; : Stg, A; and
2 @ Stg, Ag, we can specify their behaviour by a pair of a precondition pre : S x So — P relat-
ing the initial states of the two programs and a postcondition post : (A1 x S1) x (A2 x S3) — P
relating their results and final states. The specification monad structure on PPS! carries over to
the type constructor

PPrSJI; (Al,AQ) = (Sl X SQ — P) X ((Al X Sl) X (AQ X Sg) — P)

providing return and bind operations that make PPIS;l a relational specification monad. These
relational specifications account for pairs of programs returning values in potentially distinct
types. Likewise, our framework can relate programs using different computational monadic
effects M1, My. Relational effect observations bridge the gap between these two computational

monads and a relational specification monad W,:

erel

Ml, M2 Wrel
left and right relational relational
computational monads effect observation specification monad

The diagram above provides a generic reconstruction of the semantics of relational program
logics for arbitrary monadic effects. The game is then to reconstruct as canonically as possible
the inference rules of relational program logics. In particular we observe that a clean separation
can be achieved between logical rules independent of the computational effects, generic monadic
rules ensuring compositionality of reasoning induced by the algebraic properties of relational
effect observations, and effect specific rules that capture the specific details of the computational
effects at hand. We show that logical and generic rules can be derived generically, independently
of the effect, and we also provide a recipe for deriving the effect specific rules in our framework.

1.4 Contributions

> We provide a general theory of specification monads and effect observations that is use-
ful for program verification. For specifications we identify various elementary specifi-
cation monads such as Dijkstra-style predicate transformers as well as Hoare-style pre-
/postconditions, and extend the expressivity of these specification monads by applying
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monad transformers. For effect observations we use relative monad morphisms to pro-
vide a flexible interpretation of effects, allowing for instance the choice between total and
partial correctness, or between angelic and demonic nondeterminism.

> We develop a metalanguage for defining (specification) monad transformers whose design
was inspired by the categorical analysis of the relationship between monad transformers
and algebras for a monad. We implement the metalanguage in Coq, ultimately providing an
effective method to derive correct-by-construction monad transformers out of a standard
monad definition in the metalanguage.

> We provide the first formal definition of Dijkstra monads and unveil their close relationship
to effect observations, yielding an effective method to build a variety of Dijkstra monads,
and a practical methodology to verify effectful code for arbitrary monadic effects.

D> We extend the notions of specification monads and effect observations to the relational set-
ting, by introducing a general semantic framework for deriving relational program logics
for arbitrary monadic effects.

> We identify and overcome conceptual challenges that prevented previous relational pro-
gram logics from properly dealing with exceptions. For this, we propose a novel way of
combining unary and relational specifications resulting in the first relational program logic
for exceptions.

> We work out a theory of relative monads and use it to provide a unified conceptual foun-
dation for specification monads and effect observations both in the unary and relational
setting, as well as a presentation of Dijkstra monads as the lifting of relative monads.

This thesis is based on two recent papers: one that appeared at ICFP 2019 (Maillard et al,,
2019a) and to appear at POPL 2020 (Maillard et al., 2019b). This is the culmination of a line
of collaborative research in which I was involved during my PhD, which also resulted in other
publications (Ahman et al., 2017, 2018; Bhargavan et al., 2017; Grimm et al., 2018).

1.5 Foundations, Conventions & Notations

We work as much as possible in a constructive metatheory that is loosely modelled on Cogq, i.e.,
Martin-Lo6f Type Theory with dependent product (x:A) — B, dependent sums (x:A) x B, a predica-
tive hierarchy of universes Type; and an impredicative universe of proposition P. Throughout
the manuscript we assume extensionality for dependent products and sums, and propositions:

f=g:(z:A)—>B = V(a:A),fa=ga: Bla/x]
u=v:(r:A)xB — mu=mv:AANTau="mov: B[m u/x]
p=gq:P = p < ¢

We use the notation 1 to describe a terminal object, either a singleton or the category with
one object and one identity arrow depending on the context. The unique morphism to 1 will be
written ! x where X is the domain of the morphism. When writing programs, we use either * or
() to denote the unique inhabitant of 1.

We naively assume from times to times that equality on arbitrary types is proof-irrelevant,
that is we assume Uniqueness of Identity Type (UIP), but we expect that most of the development
could be achieved in a metatheory where UIP does not hold by restricting some of our construc-
tions — e.g., indexed algebraic structures with equations such as Dijkstra monads - to types for
which it hold, i.e., hsets in the terminology of Homotopy Type Theory (Univalent Foundations
Program, 2013). The exception is chapter 3 which uses quite a few classical results from the cat-
egory theory literature whose constructive nature we ignore. Nevertheless, our implementation
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in Coq derived from the ideas of that chapter comfort us in the opinion that there should be little
obstruction, but a long and hard work to fully formalize it in a constructive metatheory.

Most of the programs illustrating this manuscript are written in a syntax freely inspired
from F*, with the exception of a few code listings in chapter 4 describing the Coq implemen-
tation and consequently written directly in Coq. A substantial amount of the formalization
done during the thesis preparation can be found at https://gitlab.inria.fr/kmaillar/
dijkstra-monads-for-all. Sections and proofs that have been formalized end with a a7 .

1.6 Outline

We close this introduction with a plan of the coming chapters and their logical dependencies
presented in Figure 1.1.

Chapter 2 first introduces computational monads from a programmer perspective, illustrat-
ing various effects that can be expressed as monads. This is followed by a few examples of monad
transformers, which are the traditional way to build the zoo of monads modularly. The main con-
tributions of this chapter are the introduction of specification monads and the investigation of
effect observations, essential bridges between computational monads and specification monads.

Chapter 3 dives into the categorical world. It starts by recalling the formal theory of monads
in a 2-category, introducing the main theoretical concepts enabling an abstract study of monads.
The goal of this chapter is then to extend this formal theory to relative monads, a generalization
that we achieve thanks to the notion of framed bicategory. A particular instantiation of relative
monads in a framed bicategory provides an abstract definition of specification monads amenable
to uniform generalizations to other settings such as relational verification.

Chapter 4 introduces a methodology for building correct monad transformers. While the
theoretical foundations of this methodology is categorical, a more practical approach based on
a syntactic meta-language for defining monad transformers is also introduced. We present the
design choices guiding the implementation of this meta-language in the Coq proof assistant,
ultimately providing an effective tool for generating verified monad transformers in Coq.

Chapter 1:
Introduction
Chapter 2:
Enter the Monad

Chapter 3:
Abstracted Away
Chapter 4:
Mass producing
s
(o

monad transformer
Chapter 5: Chapter 6:
ijsktra monads Relational reasoning

——~—dependency optional (categorical)
dependency

Figure 1.1: Chapter dependencies
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Chapter 5 studies Dijkstra monads, a pragmatic approach to program verification, based on
computation types indexed by specifications, which is used heavily in the F* programming lan-
guage. After defining Dijkstra monads, we provide some examples of their wide applicability.
The main result of this chapter is the correspondence between Dijkstra monads and effect ob-
servations. A connection with graded monads (Fujii et al., 2016) is sketched using the unifying
notion of relative monad.

Chapter 6 enters the realm of relational reasoning. We extend the notions of specification
monad and effect observation to that setting, providing a general semantic foundation upon
which we can define relational program logics for a variety of monadic effects. The case of
exceptions is especially challenging and we explain how our framework can relate programs
with exceptions by intertwining unary and relational reasoning.






Chapter 2

Enter the monad

«[...]

un soleil d’Austerlitz

un siphon d’eau de Seltz

un vin blanc citron

un Petit Poucet un grand pardon un calvaire de
pierre une échelle de corde

deux sceurs latines trois dimensions douze apotres
mille et une nuits trente-deux positions six
parties du monde cinq points cardinaux dix
ans de bons et loyaux services sept péchés
capitaux deux doigts de la main dix gouttes
avant chaque repas trente jours de prison
dont quinze de cellule cinq minutes
d’entracte

et...

plusieurs ratons laveurs.»

Jacques Prévert, Inventaire, Paroles, 1946

This chapter provides a scenery of the basic notions that will be manipulated in the rest of
the manuscript. The first two sections recall the well-known notions of computational monads
and monad transformers. We explain how the former encapsulates side-effects in a uniform al-
gebraic structure and how the latter provides a way to extend monads, achieving some amount
of modularity.

We then introduce the novel notion of specification monad, a class of monads capturing spec-
ifications for effectful computations, casting specifications on the same footing as computations.
Finally, our first tool for verification of programs with arbitrary monadic effects consist of a
bridge between computations and specifications that we call an effect observation since it encodes
a choice observation of a computational effect in a specification monad. Articulating computa-
tional monads and specification monads with effect observations turns out to provide a modular
method to define verification system.

We provide examples for each introduced notion, and we will return to these examples
throughout the thesis. Most of them have been defined inside Coq as part of an effort to provide
a mechanized formalization of the content of this manuscript.

11
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2.1 Monads for the working programmer

Side effects are an important part of programming. They arise in a multitude of shapes, be
it imperative algorithms, nondeterministic operations, potentially diverging computations, or
interactions with the external world. These various effects can be uniformly captured by the
algebraic structure known as a computational monad (Benton et al., 2000; Moggi, 1989).

Definition 2.1.1 (&'). A monad is a type constructor M : Type — Type, equipped with two
operations

ret: A—-MA and bind: MA— (A—-MB)—MB
defined for any types A, B, moreover satisfying the following equations

vind" (retMa) f = fa bind"lm ret™ =m

bind'm (\z. bind™ (fz) g) = bind™ (bind™m f) g
foranya: A, f:A—-MB,m:MA,g: B— MC.

Intuitively, a computational monad provides a uniform interface M A for computations re-
turning values of type A, for instance state passing functions with result type A for stateful
computations. retM coerces a value v : A to a trivial computation, for instance seeing v as
a stateful computation leaving the state untouched. bind™ m f sequentially composes the
monadic computations m : MA with f : A — MB, for instance threading through the state.

The generic monad interface (M, ret™, bind™) is, however, not enough to write programs
that exploit the underlying effect. To this end, each computational monad also comes with oper-
ations for causing and manipulating effects. Algebraic operations form an important class of such
operations introduced in (Plotkin and Power, 2002). An operation op : A x (M X)Z — M X is
said to be algebraic when the following equation holds

bind (op (a, f)) g = op (a, Ab. bind (fb) g)

Any such algebraic operation corresponds bijectively to a generic effect gen,, : A — M B, and
we will usually employ this latter presentation, often closer to the programming practice. Slightly
abusing the terminology and following Pirdg et al. (2018), we will also call “operation” more
general functions manipulating the effects provided by a monad, for instance handlers (Plotkin
and Pretnar, 2009). In the next subsections, we recall a few examples of computational monads
and their operations to illustrate the range of computational effects that monad can account for.

2.1.1 Identity a¢

The simplest monad is the identity monad Id A = A with ret'da = @ and bind"dm f = fm
satisfying trivially the monad laws. It does not support any operations but it will be useful when
discussing monad transformers in section 2.2.

2.1.2 Partiality e

A simple model for partial computations is given by adding a new element that expresses diver-
gence, i.e. Div A = A + {_L}. Returning a value v is the obvious injection, while sequencing m
with f is given by applying f to m if m is a terminating value, or L if m was already diverging.
A partial computation can diverge with the operation €2 : Div O, implemented as {2 = inr 1.
In a classical metatheory, Div A is the free w-cpo on A, so by standard domain theoretic
results (Amadio and Curien (1998)), there is a fixpoint operator on Div A!. However in a con-
structive metatheory, e.g., Coq, this simple model is too limited to implement a useful fixpoint

'at least for w-continuous functions, as provided by Kleene fixpoint
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operation. Various more sophisticated approach can provide solutions to that problem. Del-
bianco and Nanevski’s (2013) use complete lattices such as P and Knaster-Tarski fixpoints.

Altenkirch et al. (2017) directly define the free w-cpo on a type using quotient-inductive-
inductive types to describe the standard construction of completing a type with a bottom element,
limits of w-chains and quotienting by the equivalence relation induced by the natural preorder
on these.

A different approach, more in phase with the topics of this manuscript is to describe the syn-
tax of programs with recursion. (McBride, 2015) describes a free monad (see subsection 2.1.7)
with one operation call playing the role of a recursive call. Given a complete recursive defini-
tion, one can then handle these call operations in any monad supporting partiality. We illustrate
how to define the skeleton of a function computing the Fibonacci sequence and how such a
handling looks like if we were to have a primitive fixpoint operation below

type GenRec A B X =|Ret: X — GenRec A BX|Call: A — (B a — GenRec A BX) — GenRec ABX

let fib (m:N) : GenRec N (A _. N) N=
if n < 1then 1 else Call (n—1) (A r;. Call (n—2) (X r2. Ret (r; + r2)))

let rec fixGenRecy (f: (a:A) — GenRec A B(B a)) (m: GenRec ABX): X =
match mwith
| Ret x — x
| Call a k — fixGenRecy f (k (fixGenRecy f (f a)))

let fixGenRec (f: (a:A) — GenRec A B (B a)) (a:A) : B a = fixGenRecy f (f a)

In a language without arbitrary fixpoints, for instance in Coq, we will instead use fixpoints pro-
vided by a suitable monad as above.

2.1.3 Exceptions &

A computation that can potentially throw exceptions of type E can be represented by the monad
Exc A = A + FE. Returning a value v is the obvious left injection, while sequencing m with f is
given by applying f to v if m =1Inl v, or Inr e if m = Inr ¢, i.e., when m raised an exception.

let ret® € (1:A): Exc A=1Inlv

let bind™*° (m: Exc A) (f: A — Exc B) : Exc B=
match mwith
|Inl v— fv
| Inr e —1Inr e

The operation throw : £ — ExcO0 is defined by right injection of F into Exc0 = 0 + F. Such
an exception can be caught by the handler catch

let catch(m:Exc A) (exc: E—Exc A) : Exc A =
match mwith
|Inl v—1Inl v
|Inr e — exce

When we take ' = 1, exceptions coincide with the simple model of partiality, the monad

DivA=A+1.

2.1.4 State @

A stateful computation can be modeled as a state-passing function, i.e., St A = S — AX.S, where
S is the type of the state. Returning a value v is the function As. (v, s) that produces the value
v and the unmodified state, whereas binding m to f is obtained by threading through the state,
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ie As. let (vs)=msin fvs. The state monad comes with operations get : St S = As. (s, s) to
retrieve the state, and put : S — St 1 = As.\s'. (x, s) to overwrite it.

This basic account of stateful computations can be refined by employing a structured state,
for instance a store S = Loc — Val where Loc is a set of locations and Val is the type of
(ground) value that can be written to the store. In that case, we can also refine the operations
get and put, parametrizing them by accessed location in the store:

let get”(l: Loc): St Val= As. (s Ls)
let put®(l: Loc) (v: Val): St 1= As. (), \l. if ' = [then velse s )

We will see in section 5.1, this idea is the basis of stateful verification in F*, however with a much
more complex memory model.

2.1.5 Nondeterminism

A nondeterministic computation can be represented by a finite set of possible outcomes, i.e.
NDet A = P¥in(A). Returning a value v is provided by the singleton { v }, whereas sequenc-
ing m with f amounts to forming the union |J,,, fv. This monad comes with an operation
pick : NDet B = {true, false}, which nondeterministically chooses a boolean value, and an
operation fail : NDet O = (), which unconditionally fails.

2.1.6 Interactive input-output (I0) «

An interactive computation with input type I and output type O can be represented by the
inductively defined monad

type IO A=|Ret: A—10 A|Input: (I =10 A) =10 A|Output: 0 -I0 A —-I0 A

which describes three possible kinds of computations: either return a value (Ret), expect to re-
ceive an input and then continue (Input), or output and continue (Output). The monadic function
ret!© constructs a unique leaf tree using Ret and bind'© does tree grafting. The operations
perform input and output, and they are directly captured using the corresponding constructors.

let read: 10 I = Input (\i.ret!C i) let write(o: 0):10 1= Output o (ret!© ()

2.1.7 Free monads & monads presented by an equational theory =

The monads for identity, exception, general recursion GenRec and interactive input-output are
examples of free monads, that is monads inductively generated by a set of algebraic operations.
Given any signature (S, P) consisting of a set S of operations and a function P : S — Type
assigning to each operation its arity, we can construct the following monad consisting of terms
on the signature (S, P):

type Free SPX =|Ret: X — Free SPX|Op : (s:S) = (Ps— Free SPX) — Free SP X
let retFree (x:X) : Free SP X = Ret x

let rec bindFree (m:Free SPX) (f X — Free SPY): Free SPY =
match mwith
| Ret x — fx
| Op s k — Op s (A r. bindFree (k1) f)

with an associated generic effect let op (s:S) : Free SP(Ps) = Op s (Ar. Ret r).

More generally, we could consider an equational theory (S, P, E), that is a signature (.S, P)
equipped with a set of equations F between terms on the signature (S, P) — formally a set E of
pairs of terms. The monad associated to such a theory is the quotient of terms modulo the equiv-
alence relation induced by the congruence closure of E. All the previous examples of monads are
such presented monads. However, in absence of arbitrary effective quotients which may require
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instances of axiom of choice (Blass, 1983) or quotient inductive types (QITs) (Altenkirch and Ka-
posi, 2016), we will refrain from using these in a constructive setting and prefer the previous
per-effect presentation of the monads.

2.1.8 Probabilities

A probabilistic computation is a sub-probability distribution on possible outcomes, i.e., for a
countable type A, Prob A represents functions f : A — [0;1] such that > _, fa < 1. Re-
stricting our attention to countable discrete probabilities, there is a monad structure on Prob
known as the Giry monad (Giry, 1982). Returning a value v is the Dirac distribution at v, that
is the distribution assigning weight 1 to v and 0 to any other value. Binding a distribution
m : Prob A to a function f : A — Prob B amounts to computing the distribution on B given
by Ay. Xpcsupp(m) S T y. We can consider various basic distributions on countable spaces as op-
erations, for instance flip : [0;1] — ProbB provides a Bernoulli distribution on booleans
(with parameter given by the argument) and unif : n : N — Prob (finn) provides a uniform
distribution on the finite type finn with n elements.

2.1.9 Continuations «

Continuation passing style programming is captured by the continuation monad

let ContRA=(A—R)—R
let retCont (a:A): Cont RA=Ak. kv

let bindCont (m:Cont R A) (f: A— Cont RB): Cont RB=Ak. m (A a. fa k)

Returning a value v : A is just evaluating the continuation to this value, while sequencing two
continuation-passing computations m : Contr A and f : A — Contgr B is a matter of building
a suitable continuation for m with f. The continuation monad hosts an operation call_cc:

let call cc(f: (A— Cont RR) — ContRR): ContR A =
Ak. f(\ a. retCont (k a)) (A r. 1)

The continuation monad is a canonical example of a monad without rank, meaning that it
is not presentable by a (small) theory. Intuitively, this is due to the fact that we would need
operations of arbitrary arity to present the continuation monad.

2.2 Taming the monad zoo: a first glance at monad transformers

The previous section presented a variety of computational monads covering most of the effect
spectrum. However programs usually use more than a single effect at a time. An important
question thus is how to combine these effects and the corresponding monads.

This question is actually harder than one could expect at first. Indeed, given two monads
M;i, My there might be one way to compose them, or multiple ways to do so, or even none.
The various ways to compose M; and M are encoded by distributive laws (Beck, 1969). Finding
distributive laws for every pair of monads one wants to compose in a program is not only tedious
but hardly practical. Two approaches try to bypass this problem and recover some amount of
modularity.

One canonical way to compose monads can be obtained by restricting our attention to mon-
ads arising from algebraic effects, that is effects described only in terms of algebraic operations
and equations between these operations (Hyland et al., 2006).

Otherwise, instead of insisting on composing two monads, we can consider monad trans-
formers extending a base monad with new operations. Concretely, monad transformer 7 maps
a monad M to a monad 7M and provides for any type A a coercion 1ift7 : MA — TMA
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materializing how 7 M extends M. Since we need to consider monads not arising from algebraic
effects, in this manuscript we take in this second approach. The definition and construction of
monad transformers is studied in depth in chapter 4. In this section, we informally present ex-
amples of such transformers. As a particular case, applying a monad transformer 7 with the
identity monad Id provides a plain monad, often corresponding to one described in the previous
section.

2.2.1 State @

The state transformer StT on a fixed type of states S extends a monad M using state passing
StTM A =S — M(A x S) to provide operations get : 1 — StT M S and put : S — StT M1.
The lifting operation is defined by

let LiftStT (m: M A): StT M A = As. bind™ m (\ a. retM (a,s))

2.2.2 Exceptions &

The exception transformer ExcT adds a set of exceptions E' to the possible results of a monad
M, that is ExcT M A = M(A + E), providing an operation throw : E — ExcT M 0. Lifting a
computation from M to ExcT M is defined as

let liftExcT (m:M A) : ExcT M A = bind™ m (\ a. ret™M (Inl a))

2.2.3 Reader, writer and other update transformers &

If we want to extend a computation with a read-only environment S, the reader transformer
RATMA = S — M A fits our needs. Dually, if we only want to log informations, it’s the
writer monad Wr'TM A = M(A x list O) that we should use. As explained by Ahman and
Uustalu (2013) for the case of plain monads, the two transformers are instances of a family of
monad transformers called update transformers parametrized by a pair of a type S of states and
amonoid (O, %, e) of updates acting on the states > : O x § — S:

UpdTM A = S — M(A x O)

The monad structure on UpdT M and the lift from M are given by
let retUpdT (a:A) : UpdTM A = )s. retM (a, e)

let bindUpdT (m:UpdT M A) (fA — UpdTM B) : UpdT M B =
Aso. bind™ (m sp) (A (a, 01).
bind™ (fa (01 &> sg)) (A (b, 02).
retM (b, 0y * 01)))

let liftUpdT (m:M A) : UpdTM A =
As. bind™ m (A a. retM (g, €)

The reader transformer arises as the update monad associated to the pair (S, 1), where the
trivial monoid 1 acts on S by identity. The writer transformer arises as the pair (1,1ist O)
where the free monoid 1ist O acts trivially on the unit state.

2.2.4 Monotonic state and dependent update transformers =

Moving to a dependently typed example, the monotonic state transformer MonStT is a refine-
ment of the state transformer where the state updates are restricted along a fixed preorder on
states <C S x S:

MonStTMA = (sg:S) > M(Ax{s1:S5|so<s1})
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As advocated by Ahman et al. (2018), only extending the computational monad with monotonic
manipulations of stateful could enable monotonic reasoning, a cheap but efficient method to
prove various stateful properties.

The monotonic state transformer can be seen as an instance of a dependent update trans-
former, a generalization of update transformers where the parametrizing monoid O is replaced
by a dependent family P : S — Type indexed by the states and an adequate notion of action,
forming together a directed container (S, P) (Ahman and Uustalu, 2013). For a state s : S, the
type P s describes the possible way to act in state s. The data of a directed container (S, P) ac-
tually correspond to a category where S is the object set and P s are the morphism with domain
s. The dependent update monad transformer maps a monad M to a monad on the carrier

DUpdTMA = (s:5) = M(A x Ps).

The case of monotonic state transformer is recovered by a directed container structure on the
pair (S, Asg. { s1: 5| s0 < s1}).

2.3 Specifications from monads

As explained in section 1.1, the realization that predicate transformers form monads (Ahman
et al., 2017; Jacobs, 2014, 2015; Swamy et al., 2013, 2016) is the starting point to provide a uniform
notion of specifications. This is true not only for weakest precondition transformers, but also
for strongest postconditions, and pairs of pre- and postconditions as explained in details in the
following subsections. We call collectively this class of monads specification monads. Intuitively,
elements of a specification monad can be used to specify properties of some computation, e.g.,
WPwe can specify pure or nondeterministic computations, and W5t can specify stateful compu-
tations.

What is a specification monad ? A conceptual definition will be given in Def. 3.5.2, but for
the time being we will be using the following elementary definition.

Definition 2.3.1. A specification monad is a monad W such that
> WA is equipped with a preorder <W4 for each type A, and
> bind" is monotonic in both arguments:

V(w; <WVA w)). Y(wywh : A— WB).

(Vo : Awsx <VBawhz) = bindV w we <V bind™ wi wh

This order allows specifications to be compared as being either more or less precise. For
example, for the specification monads WFY™¢ and W5, the ordering is given by

wy < wy s WHUre 4 & Vip: A—P).wyp=wip
wy < wy 1 WA & Vip: Ax S —=P)(s:5). waps=wips

For WPue and WSt to form ordered monads, it turns out that we need to restrict our attention
to monotonic predicate transformers, i.e., those mapping (pointwise) stronger postconditions to
stronger preconditions. This technical condition, quite natural from the point of view of verifi-
cation, will be assumed implicitly for all the predicate transformers. We consider several basic
specification monads, whose relationship is summarized by Figure 2.1.
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2.3.1 Predicate monad «

Arguably the simplest way to specify a computation is to provide a postcondition on its out-
comes. This can be done by considering the specification monad Pred A = A — P (the co-
variant powerset monad) with order p; <¥™ p, <= V(a : A).p1a = pya. To specify
the behavior of returning values, we can always map a value v : A to the singleton predi-
cate ret”™ v = \y. (y = v) : Pred A. And given a predicate p : Pred A and a function
f : A — Pred B, the predicate on B defined by bind”™dp f = A\b. Ja.pa A fab specifies
the behavior of sequencing two computations, where the first computation produces a value a
satisfying p and, under this assumption, the second computation produces a value satisfying f a.
While a specification p : Pred A provides information on the outcome of the computation, it
cannot require preconditions, so computations need to be defined independently of any logical
context. To give total correctness specifications to computations with non-trivial preconditions,
for instance specifying that the division function div x y requires y to be non-zero, we need more
expressive specification monads.

2.3.2 Pre-/postcondition monad =

One more expressive specification monad is the monad of pre- and postconditions
PrePost A=P x (A — P),

bundling a precondition together with a postcondition. Here the behavior of returning a value v :
A is specified by requiring a trivial precondition and ensuring as above a singleton postcondition:
retPrePost y = (T, Aa. a = v) : PrePost A. And, given p = (pre, post) : PrePost A and a
function f = Xa. (pre’ a, post’ a) : A — PrePost B, the sequential composition of two
computations is naturally specified by defining

bind”rePostp f = ( (pre AVa.posta = pre a) ., Ab. Ja. post a A post’ ab) : PrePost B

The resulting precondition ensures that the precondition of the first computation holds and,
assuming the postcondition of the first computation, the precondition of the second computation
also holds. The resulting postcondition is then simply the conjunction of the postconditions
of the two computations. The order on PrePost naturally combines the pointwise forward
implication order on postconditions with the backward implication order on preconditions.

We formally show that this specification monad is more expressive than the predicate monad
above: Any predicate p : Pred A can be coerced to (T, p) : PrePost A, and in the other direc-
tion, any pair (pre, post) : PrePost A can be approximated by the predicate post, giving rise to a
Galois connection, as illustrated in Figure 2.1. While the monad PrePost is intuitive for humans,
generating efficient verification conditions is generally easier with predicate transformers (Leino,
2005).

2.3.3 Forward predicate transformer monad =

The predicate monad Pred can be extended in an alternative way. Instead of fixing a precon-
dition as in PrePost, a specification can be a function from preconditions to postconditions,
for instance producing the strongest postcondition of computation for any precondition pre:P
given as argument. Intuitively, such a forward predicate transformer on A should have type
P — (A — P). However, to obtain a monad (i.e., satisfying the expected laws), we have to
consider the smaller type

SPost A = (pre:P) 2% (A — P/pre)

of predicate transformers that are monotonic with respect to pre, where P .. is the subtype of
propositions implying pre. Returning a value v : A is specified by the predicate transformer
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retSPot y = \pre a. pre A a = v, and the sequential composition of two computations is spec-
ified as the predicate transformer bindS”°* m f = Apreb. Ja. f a (m pre a) b, for m : SPost A
and f : A — SPost B.

Any specification post : Pred A gives raise to a forward predicate transformer
spostOfPred post = \(pre : P) (a : A). pre Aposta : SPostA
and conversely a forward predicate transformer sp : SPost A induces a canonical postcondition
predOfSpost sp=sp T : Pred A

If forward predicate transformer in SPost could seem more expressive than Pred, it turns out
that the two functions spost0fPred and pred0fSpost are inverse of each others.

2.3.4 Backward predicate transformer monad =

As explained in section 1.1, backward predicate transformers can be described using the con-
tinuation monad with propositions P as the answer type, namely, Contp A = (A — P) — P.
Elements w : Contp A are predicate transformers mapping a postcondition post : A — P toa
precondition w post : P, for instance the weakest precondition of the computation. Pointwise
implication is a natural order on Contp A:

wy; <wy:ContpA & V(p:A—P)lwep=wip

However, Contp is not an ordered monad with respect to this order because its bind is not
monotonic. In order to obtain an ordered monad, we restrict our attention to the submonad
WPure of Contp containing the monotonic predicate transformers, that is those w : Contp A
such that

Vipipe : A—=P). (VMa:A).pra=pra) = wp = wpe,

which is natural in verification: we want stronger postconditions to map to stronger precondi-
tions.

This specification monad is more expressive than the pre-/postcondition one above. For-
mally, a pair (pre, post) : PrePost A can be mapped to the monotonic predicate transformer

Ap:A—=P).preA(Ma:A).posta=pa) : WFUA,

and vice versa, a predicate transformer w : WP A can be approximated by the pair
(wa.T) , Xa.(Vp.wp=pa) ) : PrePostA

These two mappings define a Galois connection, as illustrated in Figure 2.1. Further, this Galois

connection exhibits PrePost A as the submonad of WX A of conjunctive predicate transform-
ers, i.e., predicate transformers w commuting with non-empty conjunctions/intersections.

2.3.5 A specification monad of relations between pre- and postconditions a

Finally, both WP and SPost can be embedded into an even more expressive specification
monad RelPrePost consisting of relations between preconditions and postconditions satisfying
a few conditions, the full details of which can be found in our Coq formalization.



20 CHAPTER 2. ENTER THE MONAD

SPost =~ Pred =—— PrePost 7 WFWe —— RelPrePost

Each pair of parallel arrows forms a Galois connection.

Figure 2.1: Relationships between basic specification monads

2.3.6 Specification monads from transformers «

Once we have a few basic specification monads as the one described above, a powerful way to
construct specification monads is to apply monad transformers to existing specification monads.
For instance, applying ExcT M A = M (A + E) to WP we get

WEA = ExcTWP'"A = ((A+E)—=P)—»P = (A—=P)—(E—P)—=P

WEXC is a natural specification monad for programs that can throw exceptions, transporting a
normal postcondition in A — P and an exceptional postcondition in £ — P to a precondition
in P.

Besides accounting for exceptional termination, varying the monad transformer extend spec-
ifications to have access to ghost state or to provide information about footprints. An important
point is that monad transformer provides an important modularity property: when specifying
code, we can use as little facilities as needed and consequently produce less clutter in verifica-
tion conditions. Further specification monads using this idea will be introduced along with the
examples in section 2.4.

Since specification monads also carry a preorder, we need the monad transformers to pre-
serve this ordered structure. We will see in chapter 4 that it is the case of all examples of monad
transformers of section 2.2.

2.3.7 Quantitative variations

Nothing prevents a priori to define specifications monads based on preorders different from
propositions. For instance, the example of the backward predicate transformer monad for in-
stance would have the structure of a specification monad independently of the choice of the
ordered return type (R, <) replacing P.

Taking R to be the extended reals [0; oo], we recover a monad to specify pre-expectations of
probabilistic programs (Audebaud and Paulin-Mohring, 2006; Kaminski et al., 2016).

Another possibility is to take R to be a set of available resources, for instance natural number
to count the number of steps a program could take. This can be refined to positive rational or
real numbers, obtaining a specification monad for cost analysis.

We did not pursue much further the analysis of such quantitative variants of specification
monads, but expect that a sensible amount of the work developed here could extend to the quan-
titative setting.

2.4 Effect observations

Now that we have a presentation of specifications as elements of a monad, we need to relate com-
putational monads to such specifications. Since an object relating computations to specifications
provides a particular insight on the effects exhibited by the computation, they have been called
effect observations (Katsumata, 2014). As explained in section 1.2, a computational monad can
have effect observations into multiple specification monads, or multiple effect observations into
a single specification monad. Using the exceptions computational monad Exc as running exam-
ple, we argue that monad morphisms provide a natural notion of effect observation in a unary
monadic setting, and we provide instances of effect observations supporting this claim. Then, we
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revisit the computational monads from section 2.1, and present various natural effect observa-
tions for them since there is generally a large variety of options regarding both the specification
monads and the effect observations when specifying and verifying monadic programs.

2.4.1 Effect observations are monad morphisms

As explained in section 2.1, computations throwing exceptions can be modeled by monadic
expressions m : ExcA = A + E. A natural way to specify m is to consider the specifica-
tion monad W*€A = ((A + E) — P) — P and to map m to the predicate transformer
05x¢(m) = Ap. pm : WE*¢ A, applying the postcondition p to the computation m.

The mapping 0¥*¢ : Exc — WYX¢ relating the computational monad Exc and the specifi-
cation monad W€ is parametric in the return type A, and it verifies two important properties
with respect to the monadic structures of Exc and W, First, a returned value is specified by
itself:

07 (ret¢ ) = ¥*¢(in1v) = \p. p (inlw) = retWV" y

and second, 0 preserves the sequencing of computations:

0™ (bind™ (inlv) f) = 67%(fv) = bind"V " (ret WV v) (70 f)
= bindV" 0F%¢(inl v) (7o)
0¥ (bind™ (inre) f) = 0¥(inre) = bind™ O¥*(inre) (A5 o f)

These properties together prove that %% is a monad morphism. More importantly, they allow us
to compute specifications from computations compositionally, e.g., the specification of bind can

be computed from the specifications of its arguments. This leads us to the following definition:

Definition 2.4.1 (Effect observation). An effect observation 6 is a monad morphism from a
computational monad M to a specification monad W. More explicitly, it is a family of maps
0r:MA— W A, natural in A and such that for anyv : A,m : MAand f : A - MB

the following equations hold:

O1(retMv) = retV o 0p(bind"'m f) = bind™ (4 m) (fp o f)

2.4.2 Specification monads are not canonical

When writing programs using the exception monad, we may want to write pure sub-programs
that actually do not raise exceptions. In order to make sure that these sub-programs are pure,
we could use the previous specification monad and restrict ourselves to postconditions that map
exceptions to false (L): hence raising an exception would have an unsatisfiable precondition.
However, as outlined in section 1.2, a simpler solution is possible. Taking as specification monad
WPUe we can define the following effect observation 6+ : Exc — WFWe by

0+ (inlv) = Ap. pu 6+ (inre) = Ap. L

This effect observation gives a total correctness interpretation to exceptions, which prevents them
from being raised at all. As such, we have effect observations from Exc to both WExe and Whure,

2.4.3 Effect observations are not canonical

Looking closely at the effect observation -, it is clear that we made a rather arbitrary choice
when mapping every exception inre to L. Mapping inr e to true (T) instead also gives us an
effect observation, 8 : Exc — WFe, This effect observation assigns a trivial precondition to
the throw operation, providing a partial correctness interpretation: given a program m : Exc A
and a postcondition p : A — P,if0T (m)(p) is satisfiable and m evaluates to inl v then p v holds;
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but /m may also raise any exception instead. Thus, 6,0 : Exc — WP are two natural effect
observations into the same specification monad. Even more generally, we can vary the choice for
each exception; in fact, effect observations 6 : Exc — WP are in one-to-one correspondence
with maps ' — P (see subsection 2.4.8 for a general account of this correspondence).

2.4.4 Effect observations from monad transformers =

Even though there is, in general, no canonical effect observation for a computational monad, we
can build an effect observation in the particular case of a monad of the shape 7 (Id), i.e., a monad
obtained by the application of a monad transformer to the identity monad. In that setting, fixing
any we can build a canonical specification monad, namely 7 (WF"¢), and a canonical effect ob-
servation into it. The effect observation is obtained simply by lifting the retWV ™" . 1d — WPure
function through the 7 transformer. For instance, for the exception monad Exc = ExcT(Id)
and the specification monad W¥*¢ = ExcT (WF"¢), the effect observation #¥*¢ arises as sim-
ply 65%¢ = ExcT(retWV ") = Amp. pm. More generally, for any monad transformer T (e.g.
StT, ExcT, StT o ExcT, ExcT o StT) and any specification monad W (so not just W™, but
also e.g., any basic specification monad from section 2.3) we have a monad morphism

rew
o7 . T(d) =)

T(W)

providing effect observations for stateful computations with exceptions, or for computations
with rollback state. However, not all computational monads arise as a monad transformer applied
to the identity monad. The following examples illustrate the possibilities in such cases.

2.4.5 Effect observations for free monads &

In order to give an effect observation #77°¢ from a free monad induced by a signature (S, P)
(subsection 2.1.7) to a specification monad W, it is enough to provide for each operations s : S
a specification wop(s) : W (P s).
let rec 017 (wop : (5:S) — W (Ps)) (m: Free PSA): W A =

match mwith

| Ret a — retW a

| Op s k — bindW (wop, s) (A ps. 677 (k ps))

Conversely, any effect observation #77¢ induces a specification for each operations

eFree

Wop = ogen,, : (s:8) =W (Ps).

This correspondence is bijective and characteristic of free monads.

2.4.6 Observing nondeterminism &

The computational monad NDet admits effect observations to the specification monad W¥ure,
Given a nondeterministic computation m : NDet A represented as a finite set of possible out-
comes, and a postcondition post : A — P, we obtain a set P of propositions by applying post to
each element of m. There are then two natural ways to interpret P as a single proposition:

D> we can take the conjunction /\pE p P, which corresponds to the weakest precondition such
that any outcome of m satisfies post (demonic nondeterminism); or

D> we can take the disjunction Vpe p P, which corresponds to the weakest precondition such
that at least one outcome of m satisfies post (angelic nondeterminism).
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To see that both these choices lead to monad morphisms 67,67 : NDet — WP it is enough
to check that taking the conjunction when P = { p } is a singleton is equivalent to p, and
that a conjunction of conjunctions A, 4 /\p€ p, P is equivalent to a conjunction on the union of
the ranges /\PEUaeA p, p—and similarly for disjunctions. Both conditions are straightforward to
check.

2.4.7 Observing Interactive Input-Output

Let us now consider programs in the IO monad (section 2.1). We want to define an effect obser-
vation 0 : IO — W, for some specification monad W to be determined. A first thing to note is
that since no equations constrain the read and write operations, IO is a free monad, we can
specify their interpretations f(read) : W I and V(o : O).0(write o) : W 1 separately from each
other.

Simple effect observations for IO can already be provided using the specification monad
WPwe The interpretation of the write operation in this simple case needs to provide a result
in P from an output element o : O and a postcondition p : 1 — P. Besides returning a constant
proposition (like for 8-, 6 T in subsection 2.4.2), a reasonable interpretation is to forget the write
operation and return p * (where x is the unit value). For the definition of §(read) : (I — P) — P,
we are given a postcondition post : I — P on the possible inputs and we need to build a
proposition. Two canonical solutions are to use either the universal quantification V(i : I). post 1,
requiring that the postcondition is valid for the continuation of the program for any possible
input; or the existential quantification 3(7 : I). post i, meaning that there exists some input such
that the program’s continuation satisfies the postcondition, analogously to the two modalities of
evaluation logic (Moggi, 1995; Pitts, 1991).

To get more interesting effect observations accounting for inputs and outputs we can, for
instance, extend WP with ghost state (Owicki and Gries, 1976) capturing the list of executed
IO events.? We can do this by applying the state monad transformer with state type list £ to
WPwe obtaining the specification monad WHStST 4 = (A x list & — P) — list& — P, for
which we can provide interpretations of read and write that also keep track of the history of
events via ghost state:

ST (yriteo) = A(p:1 x list E=P) (log : list £). p (x, (Out o) :: log) - WHISSST (1)

oSt (read) = A(p: 1 x list E=P) (log : list £). Vi. p (4, (Ini) :: log) : WHIStST (1

This specification monad is however somewhat inconvenient in that postconditions are writ-
ten over the global history of events, instead of over the events of the expression in ques-
tion. Further, one can write specifications that “shrink” the global history of events, such as
Aplog. p (x, []), which no expression satisfies. For these reasons, we introduce an update monad (Ah-
man and Uustalu, 2013) variant of WHIStST written WHIS which provides a more concise way
to describe the events. In particular, in W't the postcondition specifies only the events pro-
duced by the expression, while the precondition is still free to specify any previously-produced
events, allowing us to define:

Ot (yriteo) = A(p: 1 xlistE=P) (log : list E). p (x, [Out o]) - WHist(7)

o1 (read) = A(p: I x list E=P) (log : list E). Vi. p (i, [Ini]) : WHist(1)

While WHist — WHistST the two monads differ in their ret and bind functions. For instance,

pind™V' T f = JAplog.w ()\ (:E, log') . f:z:plog') log
bindV M wf = Aplog.w (A (=, log') . fz (Ay,log"). p(y,log’ ++log")) (log ++log)) log

“Importantly, the ghost state only appears in specifications and not in user programs; these still use only (state-
less) 10O.
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where the former overwrites the history, while the latter merely augments it with new events.

While WHt provides a good way to reason about IO, some IO programs do not depend on
past interactions. For these, we can provide an even more parsimonious specification monad by
applying the writer transformer to WY, The resulting specification monad W™ then allows
us to define

O (writeo) = A(p:1xlistE—=P). p(x, [Outo]) : WM(1)
0" (read) = A(p:I xlistE—=P).Vi.p(i,[Ini]) : W)

This is in fact a special case of Wis' where the history is taken to be 1 (Ahman and Uustalu,
2013).

In fact, there is even more variety possible here, e.g., it is straightforward to write specifi-
cations that speak only of output events and not input events, and vice versa. It is also easy
to extend this style of reasoning to combinations of IO and other effects. For instance, we
can simultaneously reason about state changes and IO events by considering computations in
I0St A = S — IO(A x S), resulting from applying the state monad transformer to 10, together
with the specification monad WIOSt A = (A x § x list§ — P) — S — list€ — P. As such,
we recover the style proposed by Malecha et al. (2011), though they also cover separation logic.

Being able to choose between specification monads and effect observations allows one to
keep the complexity of the specifications low when the properties are simple, yet increase it if
required.

2.4.8 Effect Observations from Monad Algebras =

While monad transformers 7 enable us to derive complex specification monads, they can only
help us to automatically derive effect observations of the form 67 : 7(Id) — T (W), which
only slightly generalize the DM4Free construction. In all other cases, we had to define effect ob-
servations by hand. However, when the specification monad has a specific shape, such as Wure,
there is in fact a simpler way to define effect observations. For instance, effect observations
6,07 : Exc — WP™e were used to specify the total and partial correctness of programs with
exceptions, by making a global choice of allowing or disallowing exceptions. Here we observe
that such hand-rolled effect observations can in fact be automatically derived from M -algebras.

As shown by Hyland et al. (2007), there is a one-to-one correspondence between monad
morphisms M — Contpr and M-algebras M R — R. We can extend this to the ordered setting:
for instance, effect observations # : M — WP correspond one-to-one to M-algebras o :
MP — P that are monotonic with respect to the free lifting on M P of the implication order on
P. Intuitively, o describes a global choice of how to assign a specification to computations in M
in a way that is compatible with ret™ and bind", e.g., such as disallowing all (or perhaps just
some) exceptions.

Based on this correspondence, the effect observations §-- and # " arise from the Exc-algebras
at=X.landa’ =) _.T. Similarly, the effect observations for nondeterminism arise from
the NDet-algebras a” and a7, taking respectively the conjunction and disjunction of a set of
propositions in NDet(P), as follows: §7(m) = Ap. a” (NDet(p) m) and 67 (m) = Ap. &> (NDet(p) m).
Conversely, we can recover the NDet-algebra a” as Am. 65 (m) idp, respectively o as Am. 3 (m) idp.
Importantly, this correspondence is not limited to WU, but applies to continuation monads
with any answer type. For instance, taking the answer type to be S — P, we can recover the ef-
fect observation 5t : St — WS, where W5t A = MonContg_,pA = (A — (S — P)) — (S —
P), from the St-algebra o>* = A\(f : S — (S — P)x S) (s: 9). (71 (f5)) (w2 (f 5)) : St(S —
P)—S—P.
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2.5 Conclusion & Related work

Following a well established tradition in functional programming languages (Benton et al., 2000;
Moggi, 1989; Wadler, 1990), we presented a variety of monads encapsulating computational ef-
fects such as state, nondeterminism and interactive input output, and explained how an impor-
tant subset of these arise from monad transformers.

The notion of specification monad is inspired by a line of categorical work on weakest pre-
condition. Jacobs (2014, 2015, 2017) studies adjunctions between state transformers and predicate
transformers, obtaining a class of specification monads from the state monad transformer and
an abstract notion of logical structures. He gives abstract conditions for the existence of such
specification monads. Hasuo (2015) builds on the state-predicate adjunction of Jacobs to pro-
vide algebra-based effect observations (in the style of subsection 2.4.8) for various computation
and specification monads. Working inside type theory, our work focus on concrete recipes for
building specification monads useful for practical verification.

Effect observations as monad morphisms were introduced by Katsumata (2014) in his study
of graded monads to give semantics to type-and-effect systems. For each of these computational
monads, we proposed effect observations to multiple specification monads providing multiple
options in order to verify programs using these effects. The actual choice of the effect observation
to use depends on various trade-offs between expressivity of the specification, difficulty of the
properties to verify (e.g., partial or total termination), modularity with respect to context. We
argue that the possibility to adapt to various context and at minor implementation cost thanks to
the decorrelation between the computational monad, the specification and the effect observation
is a key asset of this framework, that should be developed further in a practical implementation.

We now review further related work that was not presented yet.

Alternative representation of effects Levy (2004) refines the approach to effects advocated
by Moggi (1989) replacing a computational monad M with an adjunction ¥’ 4 U. This allow a
finer treatment of the order of evaluation, admitting a treatment of side-effects in both call-by-
value and call-by-name settings together with a well-behaved equational theory. To our knowl-
edge, program logics for CBPV are yet to be defined and studied.

Local state & monads on resource indexed families An important variation on stateful
computations not presented in this chapter is the possibility of allocating and deallocating chunks
of memory. The local state monad introduced in (Plotkin and Power, 2002) provides such ca-
pabilities at the cost of more complex state-indexed types. Instead of considering monads on
plain types, we could also consider monads on families of types indexed by some notion of re-
source’. This leads to monads tracking not only stateful computations but also allocations and
deallocations (Maillard and Melliés, 2015; Melliés, 2014; Power, 2006; Staton, 2010), manipulating
addresses in a heap (Kammar et al., 2017) or even a set of gbits (Staton, 2015).

Combining theories Instead of accumulating monad transformers on top of a basic monad,
an important body of work focus on the direct combination of effects, in particular for those
presented by an equational theory (Hyland et al., 2006). The combination of these algebraic
effects with continuations is studied in (Hyland et al., 2007), and provides in particular a negative
results about the combination of interactive input-output and continuations (in the category of
sets) that apply as well to Coq.

Predicate transformer semantics Katsumata (2013) gives a semantic account of Lindley and
Stark (2005)’s T T-lifting, a generic way of lifting relations on values to relations on monadic

*It would corresponds to changing the underlying category to be some category of presheaves, which might be
achievable inside type theory using the work of (Boulier et al., 2017; Jaber et al., 2012, 2016)
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computations, parameterized by a basic notion of relatedness at a fixed type. Monad morphisms
MA — ((A — P) — P), ie. effect observations from M to the backward predicate transformer
specification monad WY, are also unary relational liftings (A — P) — (M A — P), and
could be generated by T T-lifting. Further, binary relational liftings could be used to generate
monadic relations that yield Dijkstra monads by the construction in chapter 5. In both cases,
what is specifiable about the underlying computation would be controlled by the chosen basic
notion of relatedness.

In another recent concurrent work, Swierstra and Baanen (2019) study the predicate trans-
former semantics of monadic programs with exceptions, state, non-determinism, and general
recursion. Their predicate transformer semantics appears closely related to our effect observa-
tions, and their compositionality lemmas are similar to our monad morphism laws. We believe
that some of their examples of performing verification directly using the effect observation, could
be easily ported to our framework. Their goal, however, is to start from a specification and incre-
mentally write a program that satisfies it, in the style of the refinement calculus (Morgan, 1994).
It could be an interesting future work direction to build a unified framework for both verification
and refinement, putting together the ideas of both works.

First-order approach to verification with generic side-effects Rauch et al. (2016) provide
a generic verification framework for first-order monadic programs. Their work is quite different
from ours, even beyond the restriction to first-order programs, since their specifications are
“innocent” effectful programs, which can observe the computational context (e.g., state), but not
change it. This introduces a tight coupling between computations and specifications, while we
provide much greater flexibility through effect observations.

The FreeSpec framework (Letan et al., 2018) uses algebraic effects and handlers to define
in Coq a set of components interacting through interfaces. The specification are given pairs of
pre-/postconditions and attached to each components.

Logical approach to effects Generic reasoning about computational monads dates back to
Moggi’s (1989) seminal work, who proposes an embedding of his computational metalanguage
into higher-order logic. Pitts & Moggi’s evaluation logic (Moggi, 1995; Pitts, 1991) later intro-
duces modalities to reason about the result(s) of computations, but not about the computational
context. Plotkin and Pretnar (2008) propose a generic logic for algebraic effects that encompasses
Moggi’s computational A-calculus, evaluation logic, and Hennesy-Milner logic, but does not ex-
tend to Hoare-style reasoning for state. Simpson and Voorneveld (2018) and Matache and Staton
(2019) explore logics for algebraic effects by specifying the effectful behaviour of algebraic oper-
ations using a collection of effect-specific modalities instead of equations. Their modalities are
closely related to how we derive effect observations 6 : M — WY and thus program specifi-
cations from M -algebras on P in subsection 2.4.8, as intuitively the conditions they impose on
their modalities ensure that these can be collectively treated as an M-algebra on P. In recent
work concurrent to ours, Voorneveld (2019) studies a logic based on quantitative modalities by
considering truth objects richer than P, including S — P for stateful and [0, 1] for probabilistic
computation.

The notion of specification monad we use is quite simple, counting the bare minimum to start
talking about specification. However it is lacking for actually defining a logic. This choice was
voluntary in order not to restrict the applicability of the framework, in particular for quantitative
reasoning as would be needed when reasoning about costs or probabilities. In practice, most of
the examples we presented support a rich logic and we would like to reflect this in the definition
of more restricted classes of specification monads from which we could define a logic.

Reasoning directly about effectful semantics Relating monadic expressions is natural and
very wide-spread in proof assistants like Coq, Isabelle (Lochbihler, 2018), or F*(Grimm et al.,
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2018), with various degrees of automation. Boulier et al. (2017); Casinghino et al. (2014); Pédrot
and Tabareau (2018) extend dependent type theory with a few selected primitive effects: partial-
ity, exceptions, reader. The resulting theory allows to some extent to reason directly on effectful
programs, without resorting to a monadic encoding,.
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Abstracted away
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Computational monads are the key algebraic structure to obtain compositionality of sequen-
tial programs even in an effectful setting. A conceptual understanding of the tools enabling
verification of such program should make use of this monadic structure, as for instance speci-
fication monads. However, plain monads do not fully account for these objects that we use to
study monadic program verification. Beside being monads, specification monads comes with a
preorder structure and various axioms ensuring the well-behavedness of these preorders with
respect to the monadic operations. We would like to obtain these conditions as an instance of a
more general notion of monad. We hope by pursuing this goal that a general approach will lead
to simpler proofs, not cluttered by the details of the objects we are manipulating.

In this chapter, we introduce a few abstract categorical constructions generalizing that of
plain monads and used extensively in the following chapters. Our starting point is the formal
theory of monads, following Street (1972), that provides a general formulation of monads and
associated concepts in an arbitrary 2-category. In particular the theory applies to enriched set-
tings and, keeping in mind specification monads, we are foremost interested in the Pos-enriched
case.

The monad-like structure arising in the context of monadic program verification however
are often not endofunctors: we present the theory of relative monads (Altenkirch et al., 2015)
that was developed for that purpose. Motivated by enriched variants of relative monads, for
instance on preorders, we sketch the foundations of a formal theory of relative monads. Framed
bicategories (Shulman, 2008) is a natural setting to pursue such a generalization. We present
framed bicategories, introduce relative monads in those, and define notions of algebras. We close
the chapter by showing that to some extent the formal theory of relative monads we present here
naturally extends that of monads.

3.1 Elements of the formal theory of monads

The notion of monad admits a general definition in an arbitrary 2-category or even a bicategory
due to Bénabou (1967). We begin this chapter recalling briefly the notion of 2-/bi-category, before
presenting a few elements of the formal theory of monads as developed in (Kelly and Street, 1974;
Lack and Street, 2002; Street, 1972). A far more complete reference on the topics touched here
is (Lack, 2009).

29
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3.1.1 A brief introduction to 2-categories

Definition 3.1.1. A bicategory B consists of

> a set of 0-cells

> for each pair of O-cells z,y € |B|, a category B(z,y) whose objects are called 1-cells and
morphisms are called 2-cells,

D> with identity 1-cell id, for each O-cell z,

> and a bifunctorial composition oy, » : B(y, z) x B(x,y) = B(x, z) for 0-cells x, y,

D> such that the following unitality and associativity square commute up to natural isomor-
phisms A, p, « called respectively left unitor, right unitor and associator

B(x,y) x B(y,y) —— B(x,y) «+—— B(y,y) x B(z,y)

B(m,yjh H %XB(.’E,Z})

B(y,z) x B(z,y) x B(w,x)OM)B(x,Z) x B(w, x)

B(y,z)xol U’ o lo

B(y, z) x B(w,y) ———— B(w, 2)

> and such that the following two coherence diagrams commute where we abbreviated B(z, y)
by B, and noted - for functor composition as well as action of functors on natural transfor-
mations.

o-(By, . Xidy X Bz y)

o-(0x Byy)- (By,. xidy x By ) (By,z x 0) - (By,» xidy X By )

m} %,\

o- (O X Bv,w) . (O X B.t,w X Bv,w)

o-(aXBuy,w) a-(0XBa X Boy,w)
o (O X Bv,w) : (By,z X 0o X Bv,w) o~ (O X O)
a:(By,zxoxBy w) o (By, 2 X By, x0)

0 (By,z x0) - (Byzx0xByuw) o Byaxan (By,z x 0) - (By,2 X By x )
The first coherence diagram means that simplifying identities on the left or on the right using
the adequate unitor gives the same result and the second coherence diagram enforces associa-
tivity of the associator.

A bicategory B where the associator and unitors are identities is called a strict 2-category. A
folklore result from Curien et al. (2014); Power (1989) shows that any bicategory can be strictified
to a strict 2-category in the sense that a bicategory B can be embedded in a strict 2-category
such that the embedding is an equivalence of bicategories. Another way to state this coherence
theorem is that all diagrams built out of associators and unitors commute, and so we will omit
them in all diagrams since they can be inserted in an essentially unique way.
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Examples of 2-categories
> Cat is the 2-category of small categories, functors and natural transformations.

> For an enriching category V, VCat is the 2-category of V-enriched categories, V-enriched
functors and V-enriched natural transformations.

> There is another natural 2-category whose 0-cells are small categories, the bicategory
Distr whose 1-cells are distributors between categories and 2-cells are natural transfor-
mations between distributors. The relationship between Cat and Distr can be seen as a
categorification of the relationship between the (1-)categories Set of set and functions and
Rel of sets and relations.

An adequate notion of morphism between 2-categories is that of 2-functor?.
Definition 3.1.2. A 2-functor F' from a 2-category BB to a 2-category K consists of:

> a function |F| : |B| — || mapping 0-cells of B to 0-cells of K

> a functor Fy : B(x,y) = K(F z, F'y) for each pair of 0-cells x,y € |B|

> with invertible 2-cells i : idp, — Fid, for each O-cell x € |B| and mysg: FgoF f =
F (g o f) for each pair of composable 1-cells f, g in B, natural in f, g

D> satisfying three coherence diagrams similar to those for a monoidal functor ensuring that
unitors and associators are respected.

Working with 2-categories: string diagrams Since working inside a 2-category involves
manipulating objects at three distinct levels, the usual diagrammatic notations can quickly be-
come hard to read and obscure the actual proof. String diagrams, formally introduced in Joyal
and Street (1991), provide a graphical calculus that can greatly simplify definitions and proofs
inside a 2-category. The key idea is that proofs in a 2-category primarily manipulate 2-cells so
they should be the most visible. This is achieved by taking the Poincaré dual of the standard di-
agrams: 0-cells become surfaces and 2-cells become points, whereas 1-cells are still represented
as lines.

0-cell © T T
; x
l-cell f € B(z,y) o——y f !
Y
/J‘C\ L
2-cella € By y(f,g) = Ya y 9 [e) f
N A Yy

We leave out the name of O-cells in further diagrams since these can be inferred from the 1-cells.
Vertical juxtaposition of string diagrams correspond to composition of 1-cells — and its functorial
action on 2-cells — whereas horizontal juxtaposition is composition of 2-cells. Note that we take
here the slightly non-standard convention of reading string diagrams from top to bottom and
from right to left in order to have compatible notations with the graphical calculus for framed
bicategories in section 3.3.

"We only use in this manuscript the notion of strong 2-functor and not the more general notion of lax 2-functor
defined in (Bénabou, 1967)
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3.1.2 Monads in a 2-category
Definition 3.1.3. A monad in a 2-category B consists of

> al-cellt : X — X ona0O-cell X of B

> with 2-cellsn : idx — t and p : t ot — t called respectively unit and multiplication

 —@

D> such that the following diagrams commute

t
t— @
t
t
t = ¢ t =t
t

t t

t t

t t

A monad in a bicategory B is noted (X, ¢) leaving the unit and multiplication implicit. There
is a natural notion of morphism between monads in a bicategory .

Definition 3.1.4. A monad morphism between monads (X, t) and (Y, s) is consists of
> Al-cellf: X - Y

> anda2-cell:sof — fot
t f
=

D> such that the following identities hold

t f f

f 0 Sths
@ f 0 s

S

Definition 3.1.5. A monad morphism transformation between monad morphisms (f,0) and
(g,9) from (X,t) to (Y, s) consists of a 2-cellv : f — g such that

o f

) iy 8
We can put these definitions together to form a 2-category Mnd () whose 0-cells are mon-
ads in B, 1-cells are monad morphisms and 2-cells are monad morphism transformations. We
define a (2-)functor U from Mnd(B) to B forgetting everything related to monads. In more

details, U sends a monad (X, t) to X, a monad morphism (f,#) to f and a monad morphism
transformation to its underlying 2-cell.
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Object of algebras

Definition 3.1.6. An algebra for a monad (T, n, ) on a category C is given by
D> An object ¢ € C called the carrier of the algebra
> and a morphism a € C(T ¢, c) called the structure map of the algebra

D> such that the two following identities hold

aon. =id. aop.=aoTl «a

A T-algebra morphism from (¢, @) to (¢, ') consists of a morphism f € C(c, ) such that foa =
o/ oT f.T-algebras and T-algebra morphisms form a category called the Eilenberg-Moore category
of T and note CT.

The formal theory of monads also extends the notion of algebra to an arbitrary 2-category.
A monad (X, ) in a 2-category B induces by post-composition a monad B(A, t) on the category
B(A, X) for any O-cell A € B. The mapping sending a O-cell A € B to the Eilenberg-Moore
category B(A, X)BA extends to a 2-functor Alg, : B°P() — Cat. An Eilenberg-Moore object
for ¢ is, when it exists, a 0-cell X' € B representing the functor Alg,, that is such that Alg,(A) =
B(A, X*) naturally in A € BP(1),

When Eilenberg-Moore objects exist for two monads (X, ¢) and (Y, s), monad morphisms
(f,0) : (X,t) — (Y,s) are in bijection with pairs of 1-cells (f, f) where f : X — Y and
f:Xt>Ys.

3.2 Relative monads

The classical theory of monads is not enough to capture all the structure we need to model formal
verification of programs. In particular specification monads (section 2.3) already go beyond the
classical theory since they need to be equipped with orders. We could hope that it would be
enough to move from a Set-enriched setting to a Pos-enriched setting, in the sense of enriched
category theory (Kelly, 1982), however there is no reason a priori for a specification monad on
Set to lift to Pos. Thus the formal monad theory in PosCat falls short of describing our peculiar
use-case.

In order to provide a formal categorical account for specification monads, and for other
monad-like objects developed for relational reasoning (chapter 6), we commit ourselves to a gen-
eralization of monads known as relative monads. A relative monad relax the notion of monad by
endowing a monad-like structure to functors that need not to be endofunctors (Altenkirch et al.,
2015). For this notion to make sense, we need to specify relative monads with respect to a base
functor J : Z — C, and the classical notion of monad is recovered when taking J = Id. The
price to pay for this generalization is a more technical theory, in particular to connect relative
monads to a notion of monoid in an abstract enough setting.

Definition 3.2.1 (Relative monad in Cat). Let J : Z — C be a functor between categories Z,C. A
J -relative monad is given by

D> a function on objects M : |Z| — |C|,
> a family of morphisms ret, € C(J x,Mx) foranyx € T,

> a family of functions bind,, : C(J ,My) = C(Mxz,My)
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such that the following equations hold

bind, .(ret,) = id, bindg,(f) o ret, = f

bind, ,(bind, .(g) o ) = bind, .(g) o bind, ,(f)

The definition of a relative monad generalizes directly the presentation familiar to program-
mers of a plain monad on a category C as a Kleisli triple (7', 7, (—)") where we write (—)T for
the Kleisli extension operation C(X,7TY) — C(T'X,TY).

As hinted before, our examples of specification monads can be understood as relative monads
from Set to Pos, relative to the functor Disc sending a set to itself seen as a discrete poset.
However, since bind is required to be monotonic in both arguments, we will also need to consider
a Pos-enriched setting. Note that the bind operation is defined as a function between hom-sets
and need not to be representable as a “multiplication” natural transformation: there is in general
no way to compose M twice. This means that in order to enrich this definition in a category
V, for instance V = Pos, we need to consider not only V-categories, V-functors and V-natural
transformations, but also the structure of V-hom objects, namely V-profunctors. The further
generalization to framed bicategories(Shulman, 2008) in the next sections will provide a synthetic
and convenient context to consider these objects together.

Relative monads as presented in (Altenkirch et al., 2015) also come with their notions of
morphism and algebras that we recall here. Until the end of this section, we fix categories Z, C,
a base functor 7 : Z — C and J -relative monads M, M'.

Definition 3.2.2. A J-relative monad morphism from M to M’ is a natural transformation 0 :
M — M’ such that

0, 0 ret) = ret) 6, o (b'zlndlxy f) = b’indg/f; (By 0 f)ob,

for any objects x,y € I and f € C(J x,My).

Definition 3.2.3. An Eilenberg-Moore algebra, or simply M-algebra, is an object a € C together
with a natural transformation

az :C(J z,a) > C(Mz,a)
satisfying the two identities

ag(f)orety = f ay(bindfog) =ax(f)oyg
foranyz,yelZ, f : Jx—a,9: Ty — Muz.

M-algebras together with the appropriate notion of morphism form a category EM(M). The
Kleisli category K1(M) is the category with object set |Z| and with morphisms K1(M)(z,y) =
C(J x,My). Any morphism of relative monad 6 : M — M’ induces two factorizations

K1(6) = KL(M) — K1) and EM(B) : EMOL) = EM(M).

3.3 Framed bicategories

We would like to extend the notion of relative monads to categories other than Cat, in particular
to the ordered setting, however 2-categories does not seem to be the right setting for a formal
theory of relative monads. Indeed, an object of an arbitrary 2-category does not necessarily have
the hom-structure that we would need in order to define a bind operation. The notion of framed
bicategory introduced by Shulman (2008) provides this data. In this section, we briefly present
this notion and recall the instances that we will use further.
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Definition 3.3.1. A framed bicategory F is a double category with a distinguished class of 2-cells
verifying a universal property, that is

D> a set of objects or O-cells

, a set of vertical arrows or vertical 1-cells F,(X,Y),
and a set of pro-arrows or horizontal 1-cells Fy,(X,Y"). We write f : X — Y for a vertical
arrow f € Fy(X,Y) and h : X - Y fora proarrow M € F(X,Y).

> for each frame as on the left, a set of 2-cells ; F4(M, N), where o € §F4(M, N) is noted as
on the right

X M.y X M.y
Ll | e |
X/TYI X/TY/

D> vertical and horizontal units and compositions o and © noted as follows,

X ——Y X —S— X
| A
XTY Y —— Y
M My
Xlgf—>Y1 Xlﬂ—>Y1
fl | « Jf/ x - Moy M,z MM
Xg—f—>Y2 = gf| I Ba |df J{ U« J{ B J{ - J{ Jaop J{
/ U ! / !
| vs b X ¥V i 2 X e 2
X3 —— Y3 X3 —— Y3
MS M3

Vertical composition is associative and unital, whereas the horizontal composition is usually
associative and unital only up to coherent natural isomorphisms, the associator and unitors®.
We do not explicitly write those, appealing to the fact that they can be strictified in the same
fashion as for (weak) 2-categories. The two compositions are related by a distributivity law
that in fine ensures that all diagrams have a unique well-defined reading.

> for any vertical cells f, g and horizontal cell M as on the left, a cartesian filler for the niche
formed by f, M, g, that is a 2-cell x € ;F,(f*Mg*, M). Being cartesian means here that
X satisfies the following universal property: any other filler o« € 4, Fgi,(N, M) of the niche,
factors through x, yielding a 2-cell f*ag* € ,Fi(N, f*Mg*) unique up to unique globular
isomorphism (that is a 2-cell whose vertical borders are identities).

X, - n X, —¥ v
X, Y x, 49y, liifag l
fl Jg ~ fl I x Jg o Ja ek T X —|—>Y
Xy — Yo Xy — Yo fl Uy lg
X3 —— Vs Xg —— V3

*We are actually describing a pseudo double category.
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The framed category Distr The canonical example of a framed bicategory is given by Distr
whose

D> objects are (small) categories C, D € Distr,
> vertical arrows J € Distry(C, D) are functors J : C — D,

> horizontal arrows H € Distry, (C, D) are distributors H : C -+ D (a.k.a. profunctors) (Ben-
abou, 2000), that is bifunctors H : D°P x C — Set, and

> 2-cells a € sDistrx (G, H) are natural transformations a4 : G(d, c) = H(Kd, Jc)

c—9.p

7 ya lf

/ /
C — D
Vertical identities and composition are identity functors and functor composition as in Cat.
Horizontal identities C(—,—) : C -+ C are hom-sets bifunctors and horizontal composition
H®G:C —+ & fordistributors H : C + D, G : D —+ £ is given by the coend formula

deD
H@Q(e,c)—/ G(e,d) x H(d,c)

If F,G : C — D are functors, we note that vertical 2-cells a € pDistrg(C(—, —),D(—, —))
are in natural bijection with natural transformations G — F', witnessed by the following calcu-
lation

[CP xC, Set](C(—,—),D(G—, F—)) = / Set(C(c,d),D(Ge, F )

(e,c)eCoPXC

%/ / Set(C(e,d),D(Ge, F )
c'eC JceCopr
’é/IEC[COF’,Set](C(—,c’),D(G—,FC/))

= D(G,F{)
ceC
=[C, DG, F)

where the second isomorphism holds by Fubini, the fourth by Yoneda lemma and the others by
formulation of the set of natural transformations as a end.

Because of this correspondence, we will more generally note o : ¢ — f for a 2-cell o €
#F¢(C, D) in an arbitrary framed bicategory F with identities as horizontal domains and codomains.

The framed category V-Distr IfV is a complete and cocomplete symmetric monoidal closed
category, we can generalize the definition of Distr to the V-enriched setting (Kelly, 1982), ob-
taining a framed bicategory V-Distr consisting of V-categories, V-functors, V-distributors and
V-natural transformations between distributors. We will frequently use this example with V a
cartesian closed-category.

Underlying 2-categories A framed bicategory F naturally induces two different 2-categories:

> the 2-category F, consisting of 0-cells, vertical arrows and vertical 2-cells, that is 2-cells
such that the horizontal domains and codomains are identities:

X X5 x

fl la lg

Y—}n,—>Y
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> the 2-category Jy, consisting of O-cells, horizontal arrows and globular 2-cells, that is 2-
cells such that the vertical arrows are identities:

Depending on the context, we will sometimes consider the underlying 1-category of the (strict)
2-category JF keeping the same notation.

String diagrams notations To ease calculations in framed bicategories, we will use a variant
of the string diagram notation developed in (Myers, 2016). As it is usually the case with string
diagrams, we represent a cell on the left by its Poincaré dual on the right.

X, My
fl I « lg fﬂ—(#)—eg
XQTYQ N

A 0-cell is corresponds to an area, a vertical arrow to an horizontal simple line, an horizontal
arrow to a double line and a 2-cell to a point, represented by a labelled node. We read these
diagrams from top to bottom and right to left. This convention is taken to be coherent with the
direction of natural transformations in Distr: a natural transformation o : X = J between
functors IC, J : C — D, thatis a € 7Distri(C, D), will be drawn as as follows.

c—%-+D
Jl o lzc J —~—(a)—~—K
DTD

String diagrams also account for cartesian fillers by bending the strings. Given a niche as on
the left, a cartesian filler for this niche is depicted on the right.

M M
N N
T

I 9
f*Mg* M

Applying the property to the adequate niche, we have for any vertical arrow f : X — Y,
horizontal arrows f*Y : X ++ Y and Y f* : Y + X called respectively the companion and
conjoint of f. The relationship between f, f*Y and Y f* is described by the following string
diagrams:
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[y Y f*
f f
i . —, ]
f f
j = f—f 1 = f—f
f f

Since vertical arrows can be be bent both to a companion and conjoint, we mark the direction
of the arrow to keep track of which we are talking about: a single vertical line is a companion
when it is directed from top to bottom, and a conjoint when directed from bottom to top. We will
sometimes abbreviate both f*Y and Y f* by just f* on diagrams to simplify notations, leaving
to the reader the task to infer whether we are talking about the conjoint or companion of f from
the non-ambiguous direction of arrows.

3.4 Framed functor, framed representability

In order to define objects by universal properties in a framed bicategory, we develop the basic
notions of framed representability. We start by recalling the notions of (strong) framed functor
and framed natural transformation defined in (Shulman, 2008).

Definition 3.4.1. Let F,G be framed bicategories. A (strong) framed functor KC : F — G is a
vertically strict, horizontally strong double functor between the underlying double categories of F
and G. In components, it consists of:

> a function K : |F| — |G| from 0-cells in F to 0-cells in |G

>

> a functorial action on vertical 1-cells C, : F(X,Y) — G, (K X,KY),

D> a pseudo-functorial action on horizontal 1-cells Ky, : Fn(X,Y) — Gh(KX,KY) with
globular 2-cells Ky, M © Ky N = Ky, (M © N) and Ky, X = K X satisfying the coherence
axioms for a strong 2-functor,

D> a functorial assignment of 2-cells

X 2y Kx, =Mk
fl I a lg — val I Ka lleg
XQT}/Q ,CXQWIC}/Q

Fixing a framed bicategory F, any object C' € |F| defines a “framed presheaf” J¢, that
is a framed functor from F°P, the framed category obtained from F by formally reversing the
direction of vertical 1-cells and 2-cells, to the framed bicategory Distr of categories, functors,
distributors and natural transformations. The framed functor ¢ maps:

> a 0-cell X € |F| to the category & (X) = Fy (X, C) of vertical morphisms from X to C
and vertical 2-cells;
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> a vertical 1-cell f € FP(X,Y) = F, (Y, X) to the functor F,(X,C) — F,(Y,C) ob-
tained by precomposition by f;

>> anhorizontal 1-cell M € Fy,(X,Y) to the distributor whose componentathx € F,(X,C), hy €
Fy (Y, C) consists of the set of 2-cells &o(M)p ny ={ | € p  Fp, (M,C) } as rep-
resented below on the left, and the functorial action is given by composition of vertical
2-cells ax : gx — hx,ay : hy = gy on the sides as described on the right

x Moy X 4 x Yy oy
x| ba | x| bax™| ba ["MPay |
C——C C—4>C—5>C—>C

> a2-celly € f.7:°p (M,N) = ¢ F°P4(N, M) to the natural transformation between distrib-
utors Ko () : Koe(M) = Ko(N )glven at component hx € F,(X,C), hy € F,(Y,C)
by the function

X ——Y

x Aoy fl ! lg

Fe(Vhxhy = hxl (e lhy — X My
¢ ——C hxl Ja lhy

Given a vertical 1-cell f : C'— C” in F, we can define functors &¢(X) : &c(X) — Ko (X) for
any object X € |F| by postcomposition with f. We can extend this family of functors to define
a framed natural transformation Xy : ko — Koo

Definition 3.4.2. A framed natural transformation v : K — L between framed functors IC, L :
F — G consists of a familyvx : KX — L X of vertical 1-cells of G indexed by 0-cells X € |F|
natural with respect to vertical 1-cells in F and a compatible family vys € . Gu, (Kn M, Ly, M)
indexed by horizontal 1-cells M € F,(X,Y') natural with respect to 2-cells in F satisfying addi-
tionally the two equations

KX KnM KZ Kx &M ey MY k7
”Xl Vvumen l”‘/ = ”Xl J vy fYUVM l”y
£LX T L£Z LX o LY —r> L7
KX KX kx KX KX kx
Tl = AT
LX —i LX LX i LX

where we silently use the isomorphisms witnessing pseudo-functoriality for horizontal composition
and identities.

It is shown in (Shulman, 2008) (proposition 6.17) that framed bicategories, framed functors
and framed natural transformations form a strict 2-category. We use part of that fact to state the
following lemma:

Lemma 3.4.1. For any framed bicategory F, the assignment C' +— X extends to a functor X :
Fy — [F°P, Distr| where F, is the 1-category defined by vertical arrows in F and [F°P, Distr| is
the category of framed functors from F°P to Distr and framed natural transformations.
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Proof. We already proved that J¢ : F°P — Distr is a framed functor. Givena 1-cell f : C' — ',
the framed natural transformation &y : ko — K¢ is given on a 0-cell X by the functor defined
by postcomposition by f, and on a horizontal 1-cell M by the natural transformation between
distributors X (M) = Xev (M) induced by postcomposition with the identity 2-cell on f. [

Lemma 3.4.2 (framed (weak) Yoneda lemma). Let F be a framed category, C' an object of F and
‘H : F°P — Distr a framed functor. There is a natural bijection

[F°P, Distr](kc, H) = [H(CO)|

Proof. The bijection ¢ : [F°P, Distr](&kc, H) — |H(C)| is defined by () = vc(ide). For an
object h € H(C), its inverse ¢! (h) is the framed natural transformation given at components
X el|Fland M : X + Y by

¢ (h)x = f € o(X) = Fo(X,0) = H(f)(h) € H(X)
o 1 (R = a € Xo(M) — H(a)(idy) € H(M)

where idy, € Idy)(h, h) = H(Idc)(h, h) is the element of the distributor # (Id¢) representing
the identity on h. To prove that they are inverse to each other, we first compute p o ¢~ !(h) =
goal (id¢) = H(ide)(h) = h. For the other equality, we observe that, by naturality, any natural
transformation v € [F°P, Distr|(&¢, H) verifies the identities

vx(f) = vx oke(f)(ide) = H(f) o ve(ide)
vim(a) = v o ko) (Ide) = H(a) o vig, (idig.)

where X € F,f € Je(X) = F(X,0),M : X = Y,a € kec(M) = Uy, 1Fo(M,C) In

particular, we have

e HeW)x (f) = H(N) () = H(f) ovelide) = vx(f)
o (W) m(a) = H(a)(idyw)) = H(a) o vig, (idia,) = var(a)
that is =1 0 (1) = v.
O
Corollary 3.4.1. The functor & : F, — [F°P, Distr| is full and faithful.
Proof. For any objects C, D € |Fy|,
[F°P, Distr]|(&c, &p) = |&p(C)| = F(C, D)
O

We say that a framed functor H : F°P — Distr is represented by an object C' € | F]| if there
is a framed natural isomorphism H = X¢, and H is representable if there exists an object C'
representing it.

Dually, any object C' € |F| defines a framed functor ¢ : F — Distr whose action on
0-cell is given by o (X) = Fy(C, X). Dualizing all the previous discussion, & defines a full
and faithful functor 7, — [F,Distr]°P. A framed functor G : F — Distr is said to be co-
representable if it is isomorphic to ¢ for some C' € |F]|.
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3.5 Relative monad in a framed bicategory

Having in hand the powerful notion of framed bicategory, we now set out to define what is a
relative monad inside a framed bicategory. The idea is that thanks to the horizontal morphisms
playing the role of a hom-structure on the objects of a framed bicategory F, we can almost
reenact the definition in Cat in F, replacing the base functor by a vertical arrow.

Definition 3.5.1 (Relative monad). Let F be a framed bicategory, j : I — C' be a vertical 1-cell
of F. A j-relative monad is a triple (m, ret, bind) composed of

> a vertical 1-cellm : I — C,

> a?2-cell ret : 5 — m, or diagrammatically

[ ——1
mll}'r‘etlj m ret J
C=——=10C

> a2-cellsbind: C(j,m) = C(m,m), where we note C(h, k) = k*Ch*,

, m*C Cj*
Jaioy; t L
Hu bde

T
IC(m,m)I m*C Cm*

inducing a mapping (—)T from 2-cells to 2-cells mbFja(M,C) = mpFma(M, C) for vertical
arrowsa : A — C,b: B — C and horizontal arrow M : B - A

R
R

b a

b a m_§)

m m D 9
m m

D> such that the following equations hold
ret! =id,, ol oret =a (Broa)t =gl oal

for any objects X, Y, Z € F, vertical 1-cells f : X — i,g:Y — i,h: Z — i and 2-cells
a:jof >mog,B:jog - moh. Instring diagrams notations, the relative monad
equations give respectively

ret m*C Cj* m*C Cj*

() f
— -

m m v @D

mrc 17 m*C ¢y m*C* Cj* m*CC,]*

* + (bind)

(vind) (bind) =

N A ( bind )
T

m*C Cm* m*C Cm*
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Inside Distr A relative monad in Distr is the same thing as a a relative monad over a functor
(Def. 3.2.1) between small categories. Given such a j-relative monad m in Distr, j being a vertical
arrow therein, it is quite immediate that m has the structure of a relative monad over the functor
J and satisfies the required equations.

Conversely, in order to show that a relative monad (M, ret, bind) over a functor 7 : [ — C
is a relative monad in Distr, it is enough to show that M extends to a functor I — C' and that ret
and bind are natural in the appropriate sense. The relevant proof can be found in (Altenkirch
et al., 2015).

Specification monads as relative monads in Pos-Distr Specification monads are our orig-
inal motivation for moving to relative monads in the enriched setting of Pos-Distr. Indeed, the
two ingredients needed to define specification monads are:

1. a carrier for specification monads mapping sets to preorders, and

2. preordered hom-sets, and natural transformations between preorder enriched posets that
are monotonic so that the bind operation is monotonic in both arguments.

The main protagonists for a formal definition of specification monads are the Pos-categories
Set and Pos * where the former is seen as an enriched category through the monoidal* functor
Disc : Set — Pos sending a set to itself equipped with the discrete preorder, and the latter by
cartesian closedness. We note Disc : Set — Pos the lifting of Disc to Pos-functor.

Definition 3.5.2. A specification monad is a Disc-relative monad in Pos-Distr.

This can be seen as a more abstract presentation of preorder-enriched monads (Katsumata
and Sato, 2013; Rauch et al., 2016).

Eilenberg-Moore Algebras We fix a base vertical arrow j : I — C and a j-relative monad
m in F. We want to extend the notion of algebra for a relative monad. Of course, in a general
framed bicategory we may not have a “unit object,” as we do in Cat, so we need to define algebras
with respect to an arbitrary vertical arrow instead of an “object of C”, in a similar way as using
generalized elements in ordinary category theory.

Definition 3.5.3. An m-algebra is an object A € F, a vertical arrowa : A — C together with a
natural transformation o : C(j,a) = C(m, a) satisfying the two identities

ag(f)oret, =f ay(az(f) 0 g) = ax(f) o bindg
foranyx,yeZ f:TJx—a,9: Ty — Mz

o orweor w14 L] e

(o) - @ @) = {
a*C' 'Cm* a*C (xet)j a*C J + N X

a*C Cm* a*C Cm*

Definition 3.5.4. An m-algebra morphism between m-algebras (A, a, o) and (B, b, 3) is a pair
of a vertical arrow f : A — B and a2-cell p : a = bf satisfying the equation

*In order to see these as objects of Pos-Distr, we need to distinguish two levels of smallness, as provided by
different universes. Since our constructions are independent of the universe level - they are universe polymorphic -
we keep the same notations for all levels.

*for the cartesian product monoidal structure on Set and Pos.
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a*C Cj*

a*C Cj*
f
L@ -
@ Tom )
b b Cm*

There is a framed functor Alg,, : Fy° — Distr sending an object A to the category of
m-algebras and m-algebra morphisms between them. The action of Alg,, on a vertical 1-cell
f + A — B gives a functor Alg,,(f) : Alg,,(B) — Alg,,(A) sending an m-algebra (B, b :
B — C, ) from B to an m-algebra (A,bf : A — C, ) where (¢ is defined as follow using
that (bf)*C = f*b*C:

yC O
f*0+ é
bv*C' Cm*

On a horizontal 1-cell M : A - B, Alg,,(M) is the distributor whose component at (a :
A— C,a),(b: B— C,p) is given by the set of 2-cells v € ,F,(M, C) such that

M b+ j* M v+ j*

Finally, the action of \Alg,,, on a 2-cell is given by vertical precomposition.

Definition 3.5.5. An Eilenberg-Moore object for a j-relative monad m in F is a representing
object for the framed functor Alg,, (in the sense of section 3.4). When it exists, it is noted EM.,.

The relative monad m always has a canonical m-algebra structure given by bind, so it in-
duces a factorization in [F°P, Distr]

i Alg,.
o N
¥ — N Yo

where u forgets the m-algebra structure and only keep the underlying arrows in . When m has
an Eilenberg-Moore object, this factorization happens directly inside F, by the framed Yoneda
lemma Lem. 3.4.2.

In the case of the framed bicategory V-Distr for V a suitable category for enrichment, these
Eilenberg-Moore objects exists up to size conditions. Let J : Z — C be a V-functor between
V-categories Z,C and M : 7 — C be a J-relative monad (in V-Distr). The V-category CM
has as underlying set of objects pairs (¢, a) composed of an object ¢ € |C| and a V-natural
transformation o : C(J—,c) — C(M—,c) between V-presheaves. The object of morphism
between (c1, ) and (c2, o) is obtained as the equalizer

CM((Claal)a(szaz)) ***** » C(ct,c2) HmEm[C(jx,cl),C(Mm,CQ)]
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where the arrows on the right are obtained by currying the two maps

o C(TJz,c a2
e ( 2) —

Cler,c2) @ C(T xyc1) X CMz,cs)
Oél\ C

(c1,c2) ®C(Mz, 1)

Theorem 3.5.1. CM is the Eilenberg-Moore object of M in V-Distr.

Proof. We need to show that the described V-category CM is a representing object for the functor
Algyy, that is to exhibit a framed natural isomorphism ¢ : Xom = Algy.

On object X € V-Distry, we define px by projecting out the components (uc, a(c)) out of
an algebra ¢ € CM. For f € Jem(X) = V-Distry(X,CM), we define a J-relative M-algebra
structure on uf : X — C by a(f)ap : C(J a,ufb) — C(Ma,uf b)) whose naturality in b is
provided by functoriality of f. A vertical 2-cell 6 : f = ¢ is mapped to px (0) = ub : uf — ug.
It is a J-relative M-algebra homomorphism since each components of  are.

Conversely, we define o~ (f, ) = f € Xem(X) for (f, o) € Algyi(X) by setting fz = f
on objects z € X and obtaining the action of fonX (x1,x2) € V from the universal property
of the V-hom of CM using the fact that « is an M-algebra structure on f:

X(x1,2)

T !
L7 J —
CM((le,Oéxl), (f$2a04x2)) — C(fxlafIQ) Hg;e\ﬂ [C(jl?,fd?l),C(Ml‘,fl‘g)]
T~

For a vertical 2-cell  : (f,a) = (g, 3), we define the vertical 2-cell ¢ (0) = 0:f = gby
another application of the universal property (where 6,, is the special case of the diagram below
precomposed with id,)

X(z1,22)

ézlof:go?i%//,,/”’ lmeof—goeml
& —
CM((fxlaawl)a (gx276ivz)) B C(f$17g$2) Hme|I\[C(\7x;fxl)aC(Mmagx2)]
T~

@}1 is indeed an inverse to ¢ x by unicity of the universal property. Since the action of JKom
and Algy; on vertical arrows is given by precomposition and the definition of ¢ x and its inverse
only act on the codomain, there are natural with respect to vertical arrows. The definition of ¢
on horizontal arrows M : X - Y then proceeds similarly to the case of vertical 2-cells. O

Kleisli algebras We introduce the dual notion to Eilenberg-Moore algebras for a relative
monad, corresponding to a right module on a monad. Since they are not modules, and by lack
of a suitable terminology, we call them here Kleisli algebras.

Definition 3.5.6. AKleisli algebra is a a vertical arrow f : I — X to some object X € F together
with a 2-cell o« € [ F1(C(j,m), X(f, f)) satisfying the two following equations

Ci* m*C ¢ CJ m*C
Cy*
ret
St i H .J
mEm) - -

+
f f j % D
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Definition 3.5.7. A morphism of Kleisli algebras from (X, f, «) to (Y, g, 3) is a pair of a vertical
arrowh : X — Y and a2-cellv : hf = g such that the following equation hold

m*C Cj* mC Cj*
< h —h

In a similar fashion to Eilenberg-Moore algebras, a j-relative monad m : I — C'in F give
raise to a framed functor Kl,,, : F — Distr with the following components:

> An object X € F is mapped to the category Kl,,,(X) of m-Kleisli algebras with codomain
X and m-Kleisli morphisms whose first component is the identity;

>> A vertical arrow f : X — Y defines a functor Kl,,,(X) — Kl,,(Y") by postcomposition;
>> An horizontal arrow M : X -+ Y defines a profunctor Kl,,,(M) : Kl (X) -+ KL, (Y)

whose component at (f,«) € Kl,,(X) and (g,8) € Kl,,(Y) is the set of 2-cells x €
§Fg(I, M) such that

m*C Cj* m*C Cj*

Ca) _ (8
f XO—~9  fF—X g
M M

> 2-cells ¢ € , Fp/ (M, N) induce a natural transformations between profunctors by vertical
postcomposition.

The framed natural transformation 4, : ¢ — s induced by the j-relative monad m

always factors through K1,
Klp,
/ X
cky T e

where A and p are framed natural transformation defined at a 0-cell X € F as follows

>> A forgets the Kleisli algebra structure and maps a pair (f : [ — X,«a) € Kl,(X) to
fe&X)=FU X),

D> p sends a vertical arrow f € Yo (X) = Fy(C, X) to the Kleisli algebra ( fm, o) where «
is induced by the bind operation from m

) % o

m* J m
t
= ( bina™
™
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We say that a j-relative monad m in F has a Kleisli object if the framed functor K1, is co-
represented by a 0-cell C,,, € F. In that situation, the factorization &, = A o p through K1,,
above induces vertical arrows [ : I — C,,, and r : C,;, — C such that m = rl.

In the particular case of 7 = V-Distr for an enriching category V, any J-relative monad
M € V-Distr(Z,C) has a Kleisli object Cy;. The explicit construction of Cy; is quite standard:
take |Z| as the set of objects |Cyp| and for 2,y € |Z| define C\i(z, y) = C(J x, M y) with identity
given by retM € C(J 2, M z) and composition induced by bind™, namely

bindM xid
e

C(JTy,Mz) xC(J x,My) C(My, M z) x C(J x,My) = C(J x,Mz).
Lemma 3.5.1. Cy; is the Kleisli object of M in V-Distr.

3.5.1 Morphisms of relative monads

Morphisms between two monads relative to the same base functor has been defined in (Al-
tenkirch et al., 2015). Here we generalize the definition of morphisms to relative monads in a
framed bicategory F over possibly different base arrows.

Let F be a framed bicategory and j; : I} — (1, ja : Is — Cs two vertical morphisms in F.
A morphism from j; — j3 is a pair of vertical cells ugom : [1 — I3 and ue¢oq : C1 — C2 and an
invertible 2-cell ¢ : ucoq © j1 = J2 © Udom-

Udom jl jl ) Udom
j2 Ip:(ucod Ucod ‘7'2

Equivalently, reinterpreting j; and j as 2-functors from the arrow category 2 to the 2-

category Fv, (Udom, Ucod, ) is the data of a pseudo-natural transformation.

n—=—-q

udoml ® lucod

IQTCQ

I

Definition 3.5.8 (Morphism of relative monad). Letu = (Udgom, Ucod, ) : j1 — Jj2. A morphism
of relative monads 0 : m1 —,, ma from a j1-relative monad m to a j-relative monad ma over u
isa2-cell 0 : Ucoq © M1 — M2 O Udom

Udomml
ma Ucod

such that
Ucod 0 jl _ Ucod @ jl
ma Udom ma Udom
® ok .
™o mi ji
bind; Udom
Udom e my = mi
ma Ucod Ucod

mQ—l

It is not totally clear that we obtained the right definition and the following lemma shows
that at the very least a property that we would expect in the classical monadic case still hold,
namely that relative monad morphisms factor through the Kleisli algebras objects when those
exists.’

*However, in sharp contrast with the non-relative case, it is not enough to reverse the direction of 6 to obtain a
notion of monad morphism factoring through the Eilenberg-Moore objects. It seems difficult to define such a notion
over an arbitrary morphism u of base functors.
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Conjecture 3.5.1. Assume the Kleisli objects Cy,, and C,, exists, inducing factorizations m; =
r1ly and mg = rala. Then relative monad morphisms 6 : m1 —,, mg factorize as pairs of a vertical
arrows v : Cy,, — Cpy, and a vertical 2-cell 0 : ucoqr1 — T2V fitting in the following diagram

n oL o
udoml O lv \U/ é JHCOd
Iy — Ch, —5— C2

Proof idea. Let 6 : m1 —,, mso be arelative monad morphism, we define v by co-representability,
so we construct a framed natural transformation

v : chcz = IClmz — CJicl = K:lml

Given an object X, a Kleisli algebra (a : [» = X, a) € Kl,,,,(X) is sent to the Kleisli algebra
vx(a,a) € Klp, (X) composed of a tugom : [1 — X together with the algebra structure

* *k
my

C )
Udom ) Ludom
a a
vx acts on Kleisli algebra morphisms by precomposition with 44 . Given a proarrow M : X —+
Y, vps sends natural transformations in Kl,,, (M)((a, ), (b, §)) to natural transformations in
Kl (M) (vx (a, «), vy (b, B)) also by precomposition with tgom-

In order to finish the proof we would need to exhibit 6 but this would require us an notion
of framed modification between framed natural transformation & : &, 0 Fy .y — V0 Fp,and
an adequate representation theorem, which would go far beyond the purpose of this chapter.
We leave this proof unfinished but note that we have a canonical candidate for this would-be
“; evaluated at a component X € |F|and f € %¢,(X) = F(C2, X), namely the Kleisli
algebra morphism (f ucogmi,bind™) — vx(fmg,bind™2) = (fmatdom,--.) induced by
0 : UcodT1 - moUdom- ]

3.5.2 The 2-category of relative monads

Given a framed bicategory F, we obtain a 2-category RelMon(F) of relative monads in F:

> AO0-cellm = (I,C, j,m) of RelMon(F) consists of a pair of objects I, C' € |F
morphism j : I — C' and a j-relative monad m.

, avertical

> A l-cell 0 = (ugom, Ucods P, 0) : M1 — Mg consists of 1-cells ugom : i1 — @2, Ucod :
¢1 — cg, an invertible 2-cells ¢ €, Fu_.,(j1,72) and a morphism of relative monad 6
from my to mg over .

> Finally a 2-cell ¢ : @ — 0, where 6 = (uqom, Ucod; 5 0), 0" = (Vdom, Veod, ¥, 8'), is given
by a pair (Ccod; Cdom) of 2-cells in F

Vdom Udom Vcod Ucod

such that
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Vdom O (%) 2
2 Ueod o teod
VUdom e mi _ Vdom @ mi
ms Ueod M2 tcod

A vertical arrow j € F,(I,C) can be alternatively seen as a (2-)functor from the category
2 = e — e to the 2-category Fy. This observation leads to a 2-functor U/ : RelMon(F) —
[2, Fylps from RelMon(F) to the functor 2-category [2, Fy]ps of 2-functors from 2 to Fy,
pseudo-natural transformations and modifications. U/ is defined by projecting out the relevant
data. It has a left 2-adjoint, sending a vertical cell j € F,(I,C) to the j-relative monad j with
return and bind being identities.

We will often restrict our attention to subcategories of Rel Mon(F) over a particular vertical
arrow j € Fy(I,C). We note RelMon(F); the full 2-subcategory of RelMon(F) on 0-cells
mapped to j by U and 1-cells mapped to the identity of j.

Correspondence to monads As a consistency check, we prove that relative monads in F over
identities are the same as monads in the 2-category F,. To do so, we first restrict RelMon(F)
to the 2-category RelMon(F);q of those relative monads over an identity. RelMon(F)iq can
be built as the strict 2-pullback

RelMon(F)ig ----- » RelMon(F)

) ‘M

2, Flps

where 0 : F, — [2, Fyps is the 2-functor sending a 0-cell C' to the functor corresponding to the
identity idc : C — C, a 1-cell f : C — D to the pseudo-natural transformation (f, f,ids) and
a2-cellv: f — g to the modification (v, v).

Theorem 3.5.2. The 2-categories Mnd(.?‘-—\?p@)) and RelMon(F)iq are isomorphic.

Note that the direction of the 2-cells in F, has to be reversed when building the category of
monads. This is because the notion of relative monad morphism we introduced corresponds to
morphisms between Kleisli objects and not between Eilenberg-Moore objects.

Proof. The proof is a generalization of the usual correspondence between monads and Kleisli
triples, amounting to unfold the definitions and checking that everything still makes sense. We
proceed by dimension of the cells.

For 0-cells. From a relative monad m over the vertical identity of an object C' in F, we define
the following two cells in F

m
m
m—@ = m @D m-@ =
m m

m

The monadic laws follow from the equations of relative monads

@ - ———
m m m
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The converse, sending a monad m to a relative monad over the identity is similar, defining bind

as
m* m*
m* m* m* m*
For 1-cells. Given a relative monad morphism @ = (ugom, Ucod,?) : M1 — mgy between

relative monads my and my respectively over the identity of Cy, Cy € | F|, we have first a 1-cell
U = Udom = Ucod : C1 = Ca. Then the 2-cell 6 : um; — mou satisfy the simplified equations

s v o u @D v @

mi

corresponding exactly to a 1-cell in Mnd(]:f,)p(?)).

For 2-cells. In the same fashion, a 2-cell ¢ = (Cgom, Ceod) : @ — €' between relative monad
morphisms 6 = (u,0) and 8’ = (v, ') have to verify that ¢ = Cgom = Ccoq by the first equation,
so that the second equation becomes (;,, 0 § = 6’ o m;(, which is exactly the condition for a
monad transformation ]

3.6 Conclusion & Related work

We briefly recalled the basic definitions of the theory of 2-categories (Bénabou, 1967) to access
elements of the formal theory of monads (Kelly and Street, 1974; Lack and Street, 2002; Street,
1972), in particular the synthetic definition of a monad in a 2-category, the construction of the
category of monads and the general definition of Eilenberg-Moore object (as well as Kleisli ob-
jects) as representing objects. We use a similar methodology for relative monads Altenkirch
et al. (2015) in the context of framed bicategories (Shulman, 2008), defining in full generality a 2-
category of relative monads and adequate notions of Eilenberg-Moore and Kleisli objects. Since
this encompass enriched relative monads, the theory applies directly to specification monads.
We then further prove that our extension is compatible with the formal theory of monads when
restricting our attention to monads relative to identities.
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We prove only modests results on relative monads in a framed bicategory, but these already
demonstrate that it is possible to carry out a formal theory of relative monads at a high-level of
generality and with simple proofs thanks to string diagrams. As future work, we consider extend-
ing and formalizing these results inside type theory, e.g., Coq, not only for formally (re-)proving
these results, but also to use them directly to derive actual instances such as specification mon-
ads.

We now review further related work.

Other generalizations of relative monads (Fiore et al., 2018) introduce the notion of relative
pseudo-monad to study the construction of category of presheaves and deal with size issues,
generalizing relative monads to a bicategorical setting.

A close line of work is the study of skew-monoids: (Altenkirch et al., 2015) shows that assum-
ing some property on a functor J : Z — C, we can give to the functor category a skew-monoidal
structure ® 7 such that J-relative monads coincide with skew-monoids, the adequate notion of
monoids for ® ;. The study of skew monoidal categories and related structure is a rather recent
but dynamic research field (Andrianopoulos, 2017; Bourke and Lack, 2018a,b; Lack and Street,
2015; Szlachanyi, 2012; Uustalu et al., 2018). In particular, skew monoids often yields construction
closer in spirit to the traditional theory of monads, however important examples we consider in
chapter 6 do not fit immediately in that framework, whereas they do yield relative monads.

Alternative to framed bicategories We chose to work in this chapter with framed bicate-
gories, but other choices are available such as proarrow equipments (Wood, 1982, 1985), Yoneda
structures (Street and Walters, 1978) or yosegi boxes (Di Liberti and Loregian, 2019). This latter
work shows that under a few hypothesis these different structures yield equivalent formal cat-
egory theory. It would be interesting to understand how much of the formal theory of relative
monads we sketch here could be achieved in the other settings.



Chapter 4

Mass producing monad transformers

»

“As a coq developer, we have no idea what we are doing]...]

PMP, CogPL'19

We use monad transformers (Liang et al., 1995) to construct all kind of complex monadic
objects on top of simple basic blocks: sophisticated computational monads of course, but also
expressive specification monads, as well as effect observations section 2.4. However, defining a
monad transformer and proving that it satisfies all the expected laws requires significant effort.
This is in sharp contrast with the impression that quite a few examples of monad transformers
are, at least intuitively, mild generalization of naturally occurring monads, and consequently
should be almost as easy to define. In this chapter, we present a methodology to reduce the defi-
nition of a monad transformer to that of a monad in an adequate metalanguage. We first review
more precisely the notion of monad transformer, exploring its generalization to relative monads
and then set out to define a domain specific language that we call the Specification Metalanguage
(SM) adapted to the task of defining monad transformers. The goal of SM is to define monad
transformers preserving specification monads, and we detail a few interesting point of its imple-
mentation in the Coq proof assistant. We close the chapter with a more categorical viewpoint
on SM, potentially leading to future extensions.

4.1 What is a monad transformer ?

Informally, a monad transformer takes a monad as input and outputs another monad, often ex-
tended with further capabilities as demonstrated by the examples in section 2.2. To be useful in
practice, it must come with a way to lift computations from the original monad into the trans-
formed monad. We expect a monad transformer to also apply to monad morphisms so that em-
bedding between monads (so-called subeffecting in F*) give rise to a monad morphism between
the transformed monads. The lift has to be consistent with respect to this action on monad
morphisms, resulting in the following definition.

Definition 4.1.1. A monad transformer 7 on a category C (Liang et al., 1995) consists of
> a function T mapping monads m : C — C on C to monads Tm : C — C,
> equipped with a monad morphism 1ift_, : m — T m for each monad m onC,
D> assigning functorially to each monad morphism 6 : mi—mq a monad morphismT6 : T m1—T ma,
T idy, = id7m, TO-0)=T60-T§¢,

51
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D> and such that the monad morphism 13 ft,, is natural in m, that is for any monad morphism
0 : mi1 — mao,
TOo lift,, = lift, o0

Following Liith and Ghani (2002), we can concisely rephrase this definition by saying that
a monad transformer on C is a pointed endofunctor on Mnd(C)

Here, Mnd(C) is the sub-1-category of Mnd(Cat) (see section 3.1) whose objects are sent to C
by the forgetful functor U : Mnd(Cat) — Cat and morphisms are sent to the identity functor
on C'. By the results of subsection 3.5.2, we can equivalently see Mnd(C) as the (1-)category
RelMon(Distr)iq, of relative monads over the identity functor of C. This observation invite us
to the following generalization of monad transformers for relative monads.

Definition 4.1.2. Let F be a framed category, j € F,(I,C) a vertical arrow and note RelMon(F);
the 1-category of j-relative monads. A j-relative monad transformer 7T is a pointed endofunctor

on RelMon(F);, that is
> a functor T : RelMon(F); — RelMon(F);
> equipped with a natural transformation 1ift : ldremon(r), = T

To see what it means for specification monads, we unfold this definition in the case of framed
bicategory of Pos-enriched categories and distributors Pos-Distr, taking as base functor Disc :
Set — Pos (see Def. 3.5.2 for details). Then what we could call a specification monad transformer
T consists of

>> afunction 7 mapping specification monads W : Set — Pos to specification monads T W :
Set — Pos,

>> equipped with a monotonic monad morphism liftyw : W — 7 W for each specification
monads W,

D> acting functorially on specification monad morphisms, such 1iftvy is natural in W.

We will see shortly that all the examples of monad transformers in section 2.2 actually lift to
such specification monad transformers.

4.2 Towards a language for defining monad transformers

If we want to build a monad transformer, we could consider at a first approximation that it con-
sists of a function taking a monad as a parameter and returning a monad. Thinking syntactically
for a short while, we can describe such functions from the data of a monad in a context con-
taining variables standing for a monad M and its operations. Leveraging this simple idea, we
want to design a language SM equipped with a type former M X for a type X standing for an
abstract monad variable, such that a monad T in SM naturally elaborates to a monad transformer
by substituting an actual monad to the monad variable M:

TMA =T[M/M] A (4.1)

This language SM should build upon a base language £ describing the base category C over
which the elaborated monad transformers 7 are defined.

What is missing in this picture for 7 to define an actual monad transformer ? First, we need
T to be functorial in M. Second, we need a lifting coercion from the M to 7 M. A simplistic
solution for the first problem is to require all type constructors of SM to be covariant in their type
arguments so that we can elaborate a functorial action for 7 by design. For the second problem,
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C:=MA|CLxCyl(x:A)~C|Cy— Cy A € Type,

t=ret |bind | (t1, to) |mt|x | Aa.t|tita| Az t|tu ueE Termp

Figure 4.1: Syntax of SM

we use the observation from the following lemma that a monad morphism 1ift : M — 7 M can

be equivalently provided by an M-algebra structure on 7 M compatible with the bind operation
on 7 M.

Lemma 4.2.1. Let M1, Ms be monads (on a category C). There is a bijective correspondence be-
lween:

1. monad morphisms 6 : M; — Moy,

2. liftings L : C — CM1 of My along U : CMv — C the forgetful functor from the category of
M; -algebra

such that the multiplication of My lifts to an M -algebra morphism,

3. for each A € C, assignments of My -algebra structure ay : MiMa A — M3 A such that for
any f : A — MyB, bindM2 f:MgaA — MyB is an M -algebra morphism.

Proof. 2 and 3 can be readily seen to be in bijective correspondence by the usual correspon-
dence between multiplication-based presentation and bind-based presentation of monads (see
the proof of Thm. 3.5.2). The correspondence between 1 and 3 follows from instantiating Lem. 4.5.2
to the special case of relative monads over the identity functor of C in Distr. t

Since we want such a lifting for every monad M, naturally in M, we should generalize the
previous lemma to collection of monads, however that generalization turns out to be rather tech-
nical and we defer it to section 4.5 where we develop this categorical approach in more details.
The important point to keep in mind is that a type in SM should in particular be elaborated to
a family consisting of M-algebra for each monad M in the base language £ (or correspondingly
on the base category C). This dependency on the argument monad can be naturally expressed
by a dependent product and provides an important motivation for developing our language SM
on top of a dependently typed language.

4.3 A DSL for specification monad transformers

In this section, we introduce the Specification Metalanguage, SM, and a translation from SM to
correct-by-construction monad transformers in a base dependent type theory £ (where £ is a
parameter of SM). More precisely, the translation takes as input a monad in SM subject to two
extra conditions, covariance and linearity corresponding to the two points raised in previous
subsection, and produces a specification monad transformer in L.
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Al—[: A;F}_SMC
A;'}_SM A;F,x:CFSM
A |—£ A A,F I_SM A,F l_SM Cl A,F I_SM 02
A;F '_SM MA A,F }_SM 01 XCQ
A,JI:A;F |_SMC A,F l_SM Cl A,F I_SM 02
A;T gy (22 A) ~ C A;T Foy Cp — Cy
AT Fom A:Typee A A;T Fsum A, B :Type e A
A;Tkgyret : A~ MA A;T Fgy bind : MA — (A ~» MB) — MB
A;T Foym z:Cel Ax: AT kFspyt: C
ATz C A;T sy Az t:(x: A)~ C
ATFru: A A;Thspt:(x:A)~C AT,z :CrlEsmt: Oy
Absytu: Clu/z A;T oy Nz t: Cp — Oy
A;FI—SMt2:01 A;F}—SMtl:Cleg A;FFSMtiICi
A;F '_SM t1 tQZCQ A,F I_SM (tl, t2)201><02

A;FI—SMt:Cl XCQ
A;Fl—SMTFitZCi

Figure 4.2: Typing rules for SM

4.3.1 Presentation of the language SM

The design of SM, whose syntax is presented in Figure 4.1, has been informed by the goal of defin-
ing monad transformers. First, since we want a mapping from monads to monads, we introduce
the type constructor M standing for an arbitrary base monad, as well as terms ret and bind.
Second, in order to describe monads internally to SM, we add function types (z : A) — Clz]
and C1 — (5. We allow dependent function types only when the domain is in £, leading to two
different type formers. We write dependent abstractions as Ax. t, whereas we write the non-
dependent abstraction where the domain is a type in SM as A°z. t. In Figure 4.2 we present the
typing rules of SM which are mostly standard. We assume that £ has three judgements A .,
A by Aand A bz u @ A defining respectively well-formed contexts in £ (that we will always
note A), well-formed types in a context (noted A, B) and well-typed terms. We also assume
that £ has at least one universe Type that we use for dependent products. We then define the
judgements A;T" gy for well-formed contexts of SM, A; T gy C for well-formed types and
A;T Fgy t @ C for well-formed terms. We implicitly assume a conversion rule with respect to
convertibility in £'. The main rules of the equational theory of SM are given in Figure 4.3. SM
is expressive to define many different monads in a natural way using structure of the underlying
dependent type theory £?, for example

1. reader RA(X : Type) =7 ~ M X;

'Because of our implementation choices, no conversion rule appear explicitly in our implementation in Coq,
see section 4.4
*We assume for these examples that £ has (dependent) sums and products
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Abra: A ATkEsy f:A~~MB A;TFsqum:MA
A;T Fgy bind (reta) f = fa : MB A;Thgubindmret=m : MA

A;FI—SMm:MAl A;F"SMfiAleAQ A;F"SMgZAQWMAg
A;T gy bind m (Az. bind (f z) g) = bind (bindm f) g : M As

A;I‘}—SMtlzCl A;FI—SMtQZCQ A;F"SMt201XCQ
AT Fom m; (tl, tg)Eti : MC; AT Fsm (7T1 t, Wgt)Et : C1 x Cy
Ax: AT EFpmt:C Abru: A A;Thgpt:(x:A)~C
AT Fov Az t)u=t{u/x} : C ATk Az te=t 2 (z:A)~C
A;F,J}:Cl l_SMtl:CQ A;FFSMtgicl A;Fl—SMt:Cl—»Cg
A;F }_SM (/\QSZZ. tl)tQEtl{tQ/CU} : CQ A;F |_SM )\Ox.txzt : C1 —'>C2

AT st =t :(x: A) ~ C AFrui=ug: A
AT oyt =t Clug /7]

+ reflexivity, symmetry, transitivity and congruence for all other term constructors

Figure 4.3: Equational theory of SM

2. writer Wr(X : Type) = M(X x O);
3. exceptions Exc(X : Type) = M(X + &);
4. state St(X : Type) =S ~ M(X x S);

5. monotonic state MONSt(X) = (s¢ : S) ~» M(X x (s1 : §) X sp < s1), where < is some
preorder on states S; and

6. continuations Cont 4s(X) = (X ~» M Ans) — M Ans.

The covariance condition states that the symbol M standing for an arbitrary base monad appears
only in the codomain of arrows. The more involved linearity condition concerns the bind of
these monads. With the exception of continuations (see subsection 4.3.5), all these SM mon-
ads satisfy these extra conditions and thus lead to proper monad transformers, in particular all
examples from section 2.2 can be obtained from a definition in SM.

4.3.2 Elaborating specification monads and lift

To define a monad transformer, we use monads internal to SM, given by
> a type constructor X : Type; - Fom C[X];

> terms

A : Type; - Fsy ret® : A — C[A]
A, B : Type; - sy bind® : (A — C[B]) — C[A] — C[B];

> such that the monadic laws (see Def. 2.1.1) are derivable in the equational theory of SM.
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[MA]m = MA

[[01 X CQ]]M = [[Cl]]M X [[CQHM

[C1 — Ca]m = (f:[Cilm = [Cal) x (V(my <& mi). fmy <2 fmi)
m SMA m/ = m SI\A/I m/

(my, mg) <C1xC2 (mf, mh) = m <G mj A me <C2 mb

f S(x:A)wC[:Jc} f/ — V(l‘ . A) f.f SCM f'ac

[ = V(my: [Ci]m). fm1 <P fmy

Figure 4.4: Elaboration of types from SM to £

[[ret]]i;[Y = retM [[bind]]ijl7 — bindM

[(t1; t2) i/;[’y - (ﬂtlﬂi/}’ya [[tﬂf\/?) [ t]]i/;f/ = [[t]]i/?

[[x]]l(z/? = () [[)\Oxcl. tlhm = AxlCily [[t]]ip[x::x]
[t1 27 = [[tl]]l(i;ﬂ [taD3 [AzA. t]]ijﬁ = Azl [[t]]i/[[x::x]w
[t u]37 = [t137 ulo]

Figure 4.5: Denotation of SM terms

Now, given a monad C' internal to SM, we want to define the corresponding monad trans-
former 7¢ evaluated at a monad M in the base language £, essentially as the substitution of M
for M (Equation 4.1). In order to make this statement precise, we define in Figure 4.4 a denotation
[—]m of SM types as types in £ equipped with an order parametrized by a specification monad
M. In the base case C' = M A, the order is given by the specification monad M, whereas the order
is given pointwise in all the other cases. The only surprise happens in the case C = C; — Co
where we restrict the denotation to functions monotonic with respect to the orders on C; and
(5. This restriction is needed to ensure the monotonicity of the denotation of terms (Thm. 4.3.1).

The denotation of terms — or rather of typing derivations for terms - is presented in Fig-
ure 4.5. Given a derivation A;T" Fgy ¢ : C and substitutions § : A, v : [['[0/A]]m, we write
[[25]]%}?Y : [C]wm for the denotation of the term ¢ in L.

Provided that £ has extensional dependent products and pairs, meaning that surjective pair-
ing and functional extensionality are valid in £, this denotation preserves the equational theory
of SM and produces monotonic terms in the following sense:

Theorem 4.3.1 (Monotonicity of denotation). Let M be an ordered monad, A;T gyt : C aterm
in SM, ¢ 6 © A a substitution for the L context A, (Fz ~; : [I']m)i=1,2 substitutions for the SM
context T such thatV/(x: : Co) € T. vy (x) < ~o(x). Then [t]3" <€ []37>.

The proof of preservation of the equational theory is a long but rather straightforward in-
duction on the derivation of an equality between SM terms. We only reproduce here the proof
of monotonicity.

Proof. By induction on the typing derivation of ¢:

Caset =rety : A~ MA, by reflexivity

1

[[I‘etA]]M SAwMA

= retl) ret = [[retA]]i/}'m
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Caset =binds g : (A~ MB) — (MA — MB), by reflexivity, that holds because bind" is
monotonic

[[bindA,B]]i/?l = bind%B S(AWMB)w(MAwMB) biIldI\A/{B _ [[bindAyB]]i/;PQ

Case t = ({1, t2) : A X B, by induction hypothesis
[[tl]]Mém <4 [[tﬂ]M&m [[t2]]M5m <B [[t2]]M5;72
so

[(t1, t2)]n* = <[[t1]]M5;717 [tQ]]MMl) <AxB ([[tlﬂM(SWQa [[t2]]M6;72> = [(t1, t2)]n""
Case t = m; t' : A;, by induction hypothesis and extensionality

(7 VI 7o IO ) = WIS <% 02 = (m I, e [PIRT)

o)
5; : 5;
i Ht/]] 1 SA'L 7Ti [[t/]] 2

Caset = Az.t: (x: A) ~ C, by induction hypothesis for any v : A,
Ht/ﬂi/[[wizv];’h SC[v/x] [[t/]]i/[IxZZU]WQ
we conclude by reduction since

P 157 0 = Q. [E137 ) v = 1370

Caset =t'v: C{v/z}, by induction hypothesis
Yug : A. [[t/]]gjl'“ vy <Clvo/al [[t/]]g/;l’yz Yo

SO
[[t/ U]]i/;[ﬂﬂ _ [[t/]]i/;[% v SC[U/:L‘] [[tl]]i/;l’m v = [[t/ U]]i/;l’m

<F,x:Cl

Caset = \°xz.t' : O — Cy, for any m; < my, 1]z := m4] v [z := m2] and by

induction
[]o =l <O2 [ponalemm]
and we conclude since fori = 1,2

(Do AR ma = O FIRPE ) ma = I

Case t =t t2 : C, by induction hypothesis applied to ¢ : C1,
[ealn < Tl
so by induction hypothesis applied to ¢; : C; — Cy

d; J; C J; d;
[talnr™ Te2lng™ <%2 [talny® Tt2lyr”
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From these results, we deduce that a monad C' internal to SM induces the following mapping
from specification monads to specification monads:

7¢ © (M,ret,bind) —  ([C]u, [ret®]u, [pind®]u)

For instance, taking C' = St, the definition evaluates to 75tM = X +— S — M(X x S).

To build the 1ift for 7¢, we adapt Lem. 4.2.1 to the current setting. The denotation [C]y
of an SM type C in L is by design canonically endowed with an M-algebra structure 041% :
M[C]m — [C]m. This M-algebra structure is defined by induction on the structure of the SM
type C, using the free algebra when C' = MA and the algebra defined pointwise in all the other
cases. Inspecting the proof of the lemma (or rather of Lem. 4.5.2), we obtain that this M-algebra

structure induces a lifting function from the monad M to the monad [C]y; as follows:

M(ret[€IMm

lift{y x ¢ M(X) )M[[C]}M(X)%[[C]]M(X):TCM(X)

For instance, for the state transformer, the lift functions is given by
1ift1§/EX (m:MX)=A(s:S5). M(A(z: X). (z,s))m : S—MX x¥9).

The result that SM type formers are automatically equipped with an algebra structure explains
why SM features products, but not sums since the latter cannot be equipped with an algebra
structure in general.

4.3.3 Elaborating the action on monad morphism e

To define a monad transformer, we still need to build a functorial action mapping monad mor-
phism 6 : M; — Mp between monads M;, M5 in £ to a monad morphism [Cly, — [Clu,-
However, the denotation of the arrow C7; — C5 does not allow for such a functorial action since
C'1 necessarily contains a subterm M in a contravariant position. In order to get an action on
monad morphisms, we first build a (logical) relation between the denotations. Given M, Ms
monads in £ and a family of relations R4 C M;A x M3A indexed by types A, we build a
relation {|C}{, v, € [CTa, X [Clm, as follows

mi {IMA[} ma = m1 R4 ma
(m1,m}) {C1 x Cal} (ma, m5) = mi {C1]y ma Amy {{Caft my
fi{(@:A) = CL fo = V(:A) fiz{Cal foz
f1{C1 — Caft fo = Vmyima.my {C1[} ma = f1 my1 {|Caf} f2 ma

Now, when a type C' in SM comes with the data of an internal monad, the relational denota-
tion {|C'}; ww maps not only families of relations to families of relations, but also preserves the
following structure that we call a monadic relation:

Definition 4.3.1 (Monadic relation). A monadic relation® R : M; <+ My between monads M;
and My, consists of:

> a family of relations R4 : M A x My A — P indexed by types A,

> such that returned values are related (ret™ v) R4 (retM2 v) for any value v : A,

*To our knowledge there is no general definition of this notion; the idea underlying the definition of a relation
compatible with an algebraic structure is however a recurrent one and particularly well-explained in (Hermida et al.,
2014)
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D> and such that sequencing of related computations is related

my Rams V(z: A). (fix) R (f2x)
(bind™ my f1) Rp (bind™2 my fo)

foranym1 :MlA,MQ : MQA,fl :A—>M1B,f2:A—>M2B.

If moreover M1, My are specification monads, we say that R is monotonic when it is compatible
with the orders

VA (mq 311\4/[1 my) (mo SIXIZ my). miRame = mijRamy.
that is each R 4 is and ideal of M A x Mg A.

The simplest example of monadic relation is the graph of a monad morphism 6§ : M — W.
In the frequent case where M is a computational monad and W is a specification monad, we can
consider M as equipped with a discrete order and @ induces a monotonic relation R? defined as
mRw < 6m <W w. Given a monadic relation, we extend the relational translation to
terms and obtain the so-called fundamental lemma of logical relations.

Theorem 4.3.2 (Fundamental lemma of logical relations). For any monads M;, My in L, monadic
relation R : My <> My, term ' gy t : C and substitutions vy : [Ty, and vz @ [U]m,, if for all

(z: C") € T, () {CH, iy v2(@) then [¢137, ACHE, m, [,

Moreover this relational interpretation preserves the order induced by the input specification
monad.

Theorem 4.3.3 (Monotonicity of relational interpretation). Let A gy C type, M1, My two spec-
ification monads and (R4) 4 a family of monotonic relations R4 : M1 A x Mo A — P, then
{\C!}ﬁhMQ is monotonic.

Proof. by induction on the derivation of C':

Case C =MA, {M A\}M1 M, = Ra is monotonic by assumption

Case C = C} x Oy, suppose (mq,ms {|C’1 X Cg\}ﬁl My (nl,ng) (ml, mg) <C1XC2 (m],ml),
(n1,n2) <CxC (n7,m5) M2n1 and my{|Cy ’}Ml M2”2
so (my,my){|C1 x C2 ’}Ml M, (n7,m5)

Case C = (z: A) — (', suppose f {|(z: A) — Cl‘}ﬁl,MQ g, f <@A=C" ¢ and g <(@A)=C
g thenforany v : A, (fv) {|C’{v/3c}|}MLM2 (gv), fo <CW/e} 1y gy <o/} g’v .
by inductive hypothesis (f'v) {C'{v/x}[} % M, .M, (9'v), hence f/ {[(z : A) — C”]}M1 M, 9

Case C = C1 — (b, suppose [ {|C1 — C’2|}M1 N <C1=C2 fhand g <C17C2 ¢/ for any
i UCHD, (7 m) (G2, g, () <O mand <G 5o fm <O f'm and
gn <% g’ n, hence by induction hypothesis (' m) {Cs bR M, (9 1)

o

As a corollary, an internal monad C' in SM induces a mapping from (monotonic) monadic
relations to (monotonic) monadic relations, the relational interpretation of ret® and bind®
providing witnesses to the preservation of the monadic structure. In particular, any monad mor-
phism 6 : M; — M, defines a monadic relation {|C’|}M1 M, ¢ IClhy > [Clm,- It turns out
that if C' is moreover covariant, meaning that it does not contain any occurrence of an arrow
Cy — Cy where C] is a type in SM, then the relational denotation {/C ]}ﬁng with respect to
any monad morphism 6 : M; — My is actually the graph of a monad morphism.
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The last missing bit in order to obtain a specification monad transformer out of C' is to prove
that the elaborated liftf/[ : M — [C]wm is natural, that is, that the following diagram should
commute:

C
retA

’11(\71 A
MA - MEFD MOl A — 2 [O]w A
M fJ{ O lM[[C]]M f 7 \UCHM f

M(rety) an, B

forany A, Band f : A — B. Observe that the left square commutes automatically by the natu-
rality of M (ret®). However, for the right square to commute [C]y; f = bind[¢Iv (retlClvo f)
needs to be an M-algebra homomorphism, which is exactly the condition required by Lem. 4.2.1.
The next section explains how to capture this semantic condition syntactically using a linear
type system. We call that syntactic condition on the monad (C, ret®, bind®) internal to SM the
linearity of bind® .

To summarize the results of our approach language-base approach to monad transformers,
we have:

Theorem 4.3.4 (Construction of monad transformer from SM). Given a monad C' internal to SM
such that bindC satisfies the linearity criterion, we obtain:

> ifC is covariant, then TC equipped with 13 ft{;:M—T M is a (ordered) monad transformer;

> if C is not covariant, TC defines a pointed endofunctor on the category of (ordered) monads
and monadic relations.

4.3.4 Linear type system for SM

In this section, we elaborate a simplistic syntactic criterion on a monad C' internal to SM ensuring
the semantic condition that bind® maps functions to M-algebra homomorphisms. To do so, we
recast the homomorphism condition as a linearity condition in a modified type system for SM
equipped with a stoup: a distinguished variable in the context such that the term typed in the
judgement is linear with respect to that variable (Egger et al., 2014; Munch-Maccagnoni, 2013).
We note such distinguished contexts I' | = where I' is a normal SM context and E is the stoup.
The stoup can be either empty or containing one variable of a type C from SM. Linear types are
a refinements of types from SM given by the following grammar

LZ:C|0140C2|L1XL2|(£L’ZA)*>L|L1—)L2

where A € Type,, C, C1,Cy € Typegy. In particular the linear function space C; —o Cs should
be understood as a subtype of C'y — 3 whose denotation ought to be a set of homomorphisms
with respect to the algebra structures on the denotations of its domain and codomain, thus cannot
be nested. A linear judgement is of the form A;T" | = by, ¢ : L with the invariant that if = is
non-empty then = = x : C and L = (' for SM types Fgm C1 and gy Co.

The following theorem explains the aim of the linear type system:

Theorem 4.3.5 (linear terms are homomorphisms). Let M be a monad, ' | — by, t : Cp — Co
a term in SM and vy : [['] 1, then the following diagram commutes

C1
M[Ci]m —— [Ci]m
lM[[th l[[t]]ﬂ,[

M
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A|—l—hnret:A%MA A,B’—l—linbind:MA—O(A—>MB)—>MB
(IIJZC)GF F’El—lintiici
F|x:C|—IL’2C P|—|—:IZZC F|E|—hn(t1,t2)101><02
F|E|—hnticl><C2 F,J}:A|E|—hntic
D Ebkymt: G FEksmAat:(x:A) - C
I'Eksu:A F'Ekpt:(z:A) —C Dlxz:Cilunt:Co
It u: Clu/x] T'| —byn A%z t: Cp — C
F,.’E101|E|—hnt102 F|—}—1int201—002
F|E|—hn)\oaj‘.t:01—>02 F|—|_11nt101—>02

F|Ef—hnt2:C1 F|—}—5Mt1101—002
F’EF]intthZCQ

F]—hintQ:C’l F’EFSMh:Cl—)CQ
F’El—lintthZCQ

Figure 4.6: Typing rules for SM with linearity condition

Indeed, for an internal monad X Fgy C in SM, the linearity condition on bind® requires a
derivation of

A, B | — b, bind® : C{A/X} — (A = C{B/X}) —» C{B/X}
from which we can derive that
A,B,f:A— B|— by Az bind” 2 (\y. ret® (fy)) : C{A/X} — C{B/X}
that in turn proves that the right square in the diagram below commutes thanks to Thm. 4.3.5:
M AMED MOy A 204 [C]y A

MfJ{ lM[[C]]Mf \UC]]Mf
M(rety) ay B

Thus, under the assumption that bind® has a linear typing derivation (a syntactic object), we
prove that its denotation is homomorphic with respect to the relevant M -algebra structure.
In order to prove the Thm. 4.3.5, we need to :

D> provide an interpretation of the linear types;
>> show that linear derivations yield a denotation in this interpretation;

D> prove using a logical relation that the linear interpretation of a term is related to the mono-
tonic interpretation.
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The interpretation of linear types is quite straightforward, mainly enforcing that the linear func-
tion space to be interpreted by homomorphisms:

(CDhm = [Clm (Cr — Cahpt = { f: [Cilm = [Colm | foay) =gz oMf}
(L1 x Lahm = (La)wr x (L2)wm ((z:A) = Lhm=(z: 4) = (L)m
(L1 = Lahm = (L1)m — (L2)wm

Theorem 4.3.6 (Denotation of linear typings). Let M be a monad, A;T' | = by, t 2 L a linear
typing derivation of a term in SM, -z 0 : A a substitution for the L context A, Fr ~v @ (T')m
a substitution for the SM context I', and -y & : (Z|)m. Then there is a well defined denotation
()37 (L) and if 2 = (z : Cy) then L = Cy and Az. (t)37°" : [Cilm — [Caln is an
M -algebra homomorphism.

Proof. By induction on the linear typing derivation (each case corresponding to one derivation
rule in Figure 4.6):

Case t = ret, (ret))” =retM: A —» MA = (A — MA|y
Case t = bind, (bind)27"~ = bind™ : MA — (A — MB) — MB with
MA — (A — MB) - MB = (MA))yt — ((A = MB) — MB|)m
and bind™ a homomorphism between the respective M -algebra structures

Case t = z is linear, G:Ul)ijf”g = ¢ and the identity is an M -algebra map

777

Case t = z is not linear, (x|}, = v(z)

Case t = (b1, 1), ( (11, t2) D = (QDRT, (taDR) and A, (LD, (2D37™) is an
M-algebra map if and only if both A¢. (1 Di/ﬁ © and AE. Qtzbﬁﬁ are M-algebra maps

Case = mit/, (|7Tit/|)f\/;1y;6 i (' )np 2¢ and A¢. m(lt'Di/}%g is an M -algebra map whenever \. (|t'|)§/;1%£
is an M -algebra map

Caset = \z. t/, (Az. t’Dé;’y;f Az (|t'D5[I =77 and A Az ([T Ole=wli€ is an M- -algebra

Sz:=x];vi€ .

map if and only if for any -, = : A, A&, (] is an M-algebra map

Case t = t'v, (t 037 = (/)37 v{6} and AE. (/)37 v{6} is an M-algebra map whenever
XE. (|t Diﬂ * is an M-algebra map

Case t = X°z. ' : C) —o Ca, (N°x. /)37 = Az ()37 : (Ci)m — (Ca)m and it is and
M -algebra map by induction hypothesis

Caset = \°z.t' : Ly — Lo, (A\°xz.t'))y] 07E = Mg (\t’|)5 o=l and X Ax. (|t’D6 =8 s an
M -algebra map if and only if for any Fsy @ @ (L1 ))m, AE. (') drlr=ali€ is an M -algebra

Caset : C; — (5 is obtained from ¢t : C; — C5, the denotation of the term is the same, we
just forget that it is an homomorphism

P S St Sy 5
Case t = t1 to, when t1 : ) —o Cs, (t1 t2) 2 € = ()% ok (t2)3; 7€ and AE. (|t1D ok thDM%€
)6’7’5 is an M -algebra map since (1 )y; 0%~ is an M-

is an M -algebra map whenever X¢. (2
algebra map
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Case t =t ty, otherwise, (t1 2] = ()27 (t2)27 " and AL, (£1)27 (t2)37 ™ isan M-

algebra map whenever \¢. (t; )i/;[v;g

is an M -algebra map

O]

Given a linear type L, we can forget all the linear annotations, obtaining a type Fsy |L] in
SM. In the same fashion, given a derivation A;T" | Z b, ¢t : L, we can obtain a derivation
A;|T,E| Fem t @ |L|. In order to relate (t))n and [¢]y, we introduce the following relation

(Lhw < (LDn < [IL{Dw :
m (Chum' < m=m’ MG = Cohu ff = f=f
(z1, z2) (L1 x Lohwm (2, 25) <= 1 (Li)m ] A za (Lahv o
fll@:A) = Lhn f" <= V(@ : A). fa(Lhu f'z
fALy = Ladm f* = (Vo' .z (Li)ua’ — fo (L f'2)

We extend component-wise this relation to context, and a straightforward but tedious induction
shows that for any linear derivation A;T" | = by, ¢ © L and context b2 0 : A, Fz v : (T | ),
v T, El ] if v (T | E)m o/ then (|75Dij[7 (LM [[t]]i/}'yl where the right hand side denotation is
obtained from the SM derivation A; |, Z| Fsyp ¢ @ |L]. In the particular case where = is empty
and all types in I are free from linear annotations, we obtain Thm. 4.3.5.

4.3.5 The Continuation Monad Pseudo-Transformer @/

Crucially, the internal continuation monad Cont 4,5 does not verify the conditions to define a
monad transformer since it is not covariant in M. We study this (counter-)example in detail since
it extends the definition of Jaskelioff and Moggi (2010) to monadic relations and clarifies the prior
work of Ahman et al. (2017), where a Dijkstra monad was obtained in a similar way.

While SM gives us both the computational continuation monad [Cont 4ps]iq = Cont aps
and the corresponding specification monad [CoNtns]conte = Contoontp(Ans), We only get a
monadic relation between the two and not a monad morphism. We write this monadic relation
as follows:

Hcont.Ans]]Id <_{’C0nt.Ans ’}fcitcontp—> Hcont.AnsﬂContp

One probably wonders what are the elements related by this relation? Unfolding the definition,
we get that a computation m : [Cont 4ns]1q(X) and a specification w : [CONt 4ns]lcontp (X) are
related if

m {|C0nt«4ns|}f§,tcontp w

< V(k: X — Ans) (w : X — Contp(Ans)). (V(z: X).ret (kx) = wix) = ret (mk) = wwy
< V(k: X — Ans).ret (mk) = w (Az. ret (kx))

SV(k: X — Ans)(p: Ans — P).w (Azq. q(kz))p=p(mk)

For illustration, if we take Ans = 1, the last condition reduces to ¥(p : P). w (Azq. ¢) p = p, in
particular any sequence g, . . . , &, induces an element w = Ak p. k xo(. .. k 2y, p) : [CONtans] contp (X)
that can be seen as a specification revealing some intensional information about the computa-
tion m at hand, namely, that the continuation k was called with the arguments zy, . . ., z,, in this
particular order. Computationally however, in the case of Ans = 1, m is extensionally equal to

Ak. * : Cont.
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4.4 Embedding SM in Coq

We have formalized the SM language presented in the previous section in Coq, taking Gallina as
the base language £ and providing an implementation of the denotation of SM terms and log-
ical relation-based elaboration to specification monad transformers. The original goals of this
implementation was to provide modular construction of monad transformers helping us in the
definition of specification monads, ultimately leading to constructions of Dijkstra monads as
explained in section 5.1. For this purpose, the equality proofs witnessing the monadic laws of
specification monads have to be as simple as possible, even holding definitionally when achiev-
able. As a consequence, our implementation of SM should:

1. generate monad transformers whose monadic operations are elaborated terms that com-
pute inside Coq; and

2. whenever an elaborated monad transformer is applied to a specification monad whose
monadic laws hold definitionally, the resulting specification monad also has definitional
monadic laws.

With these goals in mind, we start by explaining our design choices for implementing SM, in
particular the representation of binders. An unexpected difficulty arise when trying naively to
prove equalities between SM terms, and we explain how we bypass this problem by implementing
an abstract machine.

The implementation (https://gitlab.inria.fr/kmaillar/dijkstra-monads-for-all)
uses the Equations library (Sozeau and Mangin, 2019)* and covers all the previously discussed
aspects of SM but the linear type system.

4.4.1 Implementation of the language SM

Two main possibilities arise when implementing a domain specific language (DSL) such as SM:
either define a deep embedding, that is an object of the host language describing the syntax, or
shallowly embed it in the host language itself, reusing all available features.

On the one hand, a full deep embedding of SM would require to implement a dependently
typed language inside Coq and to provide all the features of Gallina that we assume in instances
of monad transformers, for instance sum types. This option was dismissed as seemingly to costly.

On the other hand, an embedding using higher-order abstract syntax (Pfenning and Elliott,
1988) would take care of all the conversions in £, but require some care for the \°z. ¢ binders
since they are not straightforwardly elaborated to Gallina’s functions.

We implemented the latter, with intrinsically typed syntax, meaning that the type describing
the term syntax of SM is actually a type-family indexed by the type of SM types (named ctype
in the implementation).

An unconvincing attempt: Parametric Higher-Order Abstract Syntax Our first tentative
for the term syntax of SM uses PHOAS (Chlipala, 2008) to encode the A°z. t binders and is pre-
sented in Figure 4.7. The idea is to define the term syntax with respect to an arbitrary type of vari-
ables VarType, and to quantify universally over this type. Atermt : forall {VarType}, ctermc
can then be elaborated to a variety of other formats by instantiating with the right type of vari-
ables carrying some polymorphic substitution as explained in (Atkey et al., 2009). For instance,
taking the type of variables to be the type-family cterm itself, we easily recover syntactic sub-
stitution of terms. The denotation [t]y; of an SM term with respect to a monad M can also be
obtained in this fashion.

*An early attempt also used the library of Timany and Jacobs (2016) for categorical definitions, but it turned out
to be impractical for our use-case.
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Class VarType := var : ctype — Type.

Section CTerm.
Context {VarType}.
Inductive cterm: ctype — Type :=
| MRet: forall A, cterm (A ~» CMA)
| MBind: forall AB, cterm((A ~» CMB) — (CM A — CM B))

| Pair: forall{clc2}, cterm(cl — c2— cl X c2)
| Projl: forall{cl c2}, cterm(cl X c2 — cl)
| Proj2: forall{clc2}, cterm(cl X c2 — c2)

| Abs: forall A (c:forall x:A, ctype), (forall x:A, cterm(c x)) — cterm (CArr c)
| App: forall{A} {c:forall x:A, ctype} (v : A), cterm(CArr c) — cterm(c v)

| CVar: forall {c:ctype}, var ¢ — ctermc

| CAbs: forall (cl:ctype)(c2: ctype), (var c1 — cterm c2) — cterm(cl — c2)

| CApp: forall {cl:ctype}{c2: ctype}, cterm(cl — c2) — ctermcl — ctermc2.
End CTerm.

Figure 4.7: PHOAS definition of the term syntax of SM

We could wonder whether the type forall {VarType}, cterm c actually captures faithfully
the syntax of SM. After all, nothing prevent us from implementing a function in that type that
first inspects the given instance of VarType before choosing which term to return. The solution
to this problem is to restrict our attention to parametric terms of that type. Indeed Atkey (2009)
shows that the only parametric inhabitant of this type are actual pieces of syntax. This result
is however external to the type theory and, in order to actually prove lemmas on the elabora-
tion, we need to accompany every term t : forall {VarType}, cterm ¢ with a proof of (unary)
parametricity. Furthermore, to build a relation between two elaborations of a term, for instance
between the denotations [¢t]n and ]y, we need a witness of (binary) relational parametric-
ity whose type is shown in Figure 4.8. This starts to be a bit tedious but the problem only gets
worse: since we want to prove property on our (proof-relevant) relation, we need a proof that the
witness of parametricity itself is parametric. The fact that writing by hand parametricity types
and witnesses is hardly achievable was an expected problem and Chlipala (2008) uses an axiom
providing uniformly proofs of parametricity. Beside the fact that it would make Coq inconsis-
tent, we did not use this approach because we want to define objects that compute out out of
the parametricity witness, a property broken by such an axiom. We also tried using the param-
coq plugin®, an external tool to derive automatically the types and witnesses of parametricity.
However the generated code turned out to be difficult to use in practice: for our application
we only need parametricity in the parameter VarType whereas paramcoq provides parametric-
ity of all parameters which results in a much more complex object. To carry out practically an
approach using PHOAS, it would be convenient to work inside a type theory with internalized
parametricity such as those described in Bernardy and Moulin (2013); Bernardy et al. (2015).

A mixed approach: De Bruijn meets HOAS In our second attempt, we implement SM terms
using at the same time higher-order abstract syntax (HOAS) for the Az. ¢ binders and De Bruijn
indices for the \°z. ¢t ones. This mixed approach frees us from handling explicitly dependent
products (z : A) ~» C, relying instead on Gallina, while it provides the flexibility we need on
the non-dependent product C; — C5.

https://github.com/coq- community/paramcoq
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Section CTermRel.
Context (varl var2: VarType) (varR: forall ¢, varl ¢ — var2 c — Type).

Inductive cterm_rel : forall {c}, Qctermvarl ¢ — Qcterm var2 c — Type :=
| MRetRel: forall A, cterm_rel (MRet A) (MRet A)
| MBindRel: forall A B, cterm_rel (MBind A B) (MBind A B)
| AbsRel: forall{A c ctlct2} (cr: forall x:A, Qcterm_rel (c x)(ctl x) (ct2 x)),
cterm_rel (Abs A c ctl) (Abs A c ct2)
| AppRel: forall{A c} {ctlct2: cterm(CArr c)} (v:A),
cterm_rel ctl ct2 — cterm_rel (ctl Qo v) (ct2 Qo v)
| CVarRel: forall {c vl v2}, varRc vl v2 — cterm_rel (CVar v1) (CVar v2)
| CAbsRel: forall{cl c2} {f1: varl cl — ctermc2}{f2: var2 cl — ctermc2},
(forall x1 x2, varR cl x1 x2 — cterm_rel (f1 x1) (f2 x2)) —
cterm_rel (CAbs c1 c2 £1) (CAbs c1 c2 £2)
| CAppRel: forall {cl c2} {ctll ctl2: cterm(cl — c2)}{ct21 ct22},
cterm_rel ctll ct1l2 — cterm_rel ct21 ct22 —
cterm_rel (ctl1l @Q- ct21) (ct12 @- ct22).
End CTermRel.

Figure 4.8: Binary parametricity predicate

Inductive icterm: ctx — ctype — Type :=

(x ... Omitted constructors ... *)

| IAbs: forall{l'Ac}, (forall x:A, icterm[ (c x)) — ictermI (CArr c)

| IApp: forall({l' c}(H:isArr c) (v:arrDomH), ictermI'c — ictermI (arrCod H v)
| ICVar: forall {I'} (nmnat) (H:in_ctxnT), ictermI' (Lookup H)

| ICAbs: forall{l clc2}, icterm(cl:T)c2 — ictermI (c1 — c2)

| ICApp: forall{l c}(H:isArrCc), ictermI ¢ — ictermI (arrCDom H) —

icterm ' (arrCCod H).

Figure 4.9: Term syntax of SM using De Bruijn indices

Definition st_car (S A:Type) :=S ~» CM (A x S).

Definition st_ret (S A:Type): ictermnil (A ~» st_car A):=
IAbs (fun (a:A) = IAbs (fun (s:S) = IMRet (A x S) -(a, s))).

Definition st_bind (S AB:Type): ictermnil (st_car A — (A ~» st_car B) — st_car B) :=
ICADbs (ICAbs (IAbs (fun sO = IMBind (IAbs (funr = (vz -(nfstr)) -

(nsnd r))) ((Tvz) - [st_car A] s0)))).

Figure 4.10: Implementation of the state monad internally to SM

We build the functional version of the logical relation for a covariant type C, but omit the
linear type system®. Instead, the Coq version of Thm. 4.3.4 assumes a semantic hypothesis re-
quiring that the denotation of bind is homomorphic (where ctype_algMc: M[c]y — [c]x is the
algebra structure on the elaboration):

Definition homomorphism cl c2 (f : [c1]y — [c2]u) :=
let o := ctype_algMclin
let g := ctype_algMc2in
forallm, f (g m)= s (f <$>m).

%Since we are working with intrinsically typed term, providing the linear type system would amount to imple-
ment yet another time a type of terms corresponding to linear type derivations.
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Assuming this condition hold on the (partial) elaboration of an internal monad ¢, we can then
derive the full monad transformer (including all the laws). In practice, this condition hold defi-
nitionally on our examples, for instance for the state monad presented in Figure 4.10, so there is
no proof overhead.

The implementation of the embedding together with the necessary lemmas about the metathe-
ory of SM (substitution, weakening lemma...), the elaborations and the logical relation, as well
as a few examples of monad internal to SM amount to 4kloc, evenly separated between specifi-
cations and proofs.

4.4.2 Proving equalities between SM terms

As explained in section 4.3, the construction of monad transformer takes as input monad internal
to SM. For most of the examples at the beginning of that section, the definition of the underlying
type constructor and monadic operations is tedious but not difficult to encode in the deep em-
bedded syntax. However, it turned out that providing the required equality proof witnessing the
monadic laws explicitly as equational derivation is hardly manageable even for a simple example
such as state (Figure 4.10). Acknowledging the difficulty, we explain here how we sidestepped
this task by defining an abstract machine refining the equational theory of SM. The key idea is
first to provide an evaluator for SM putting SM terms into canonical forms; and then proving
the correctness of the evaluator with respect to the equational theory, generating a witness that
a term is equal to its normal form as a byproduct.

A configuration of the abstract machine is a triple (¢, 7, o) consisting of a term ¢, a stack 7w and
an environment o (a substitution) for SM terms. We use the notation (¢ || ), for configurations.
The implementation of stacks in Coq as well as the type of the functions reducing configurations
of the abstract machine and rebuilding terms out of configurations are presented in Figure 4.12.
In order to describe the abstract machine we use the following notations: the empty stack is *,
a reified continuation is noted Cont(t), projections are noted 7;, consing a Coq value v on top
of a stack 7 is v - ™ and an SM term t is ¢ ¢ m. The transitions of the abstract machine per-se
are noted >. When the abstract machine reaches a configuration (¢ | 7). where ¢ is a returned
value or a variable bound to a neutral term in the environment, it switches to the rebuilding
procedure noted t>. The rebuilding phase apply to configurations t e 7, dismantling the stack
7 — essentially corresponding to an inside-out one-hole term context Cx[—| - to reconstruct a
term ¢’ = Cy[t]. Since abstract machine configurations ultimately produce a term, we make a
small abuse of notations in the rule reducing @-, placing directly the result of evaluating the
configuration (s | *);4 on the top stack.

As shown in the declared type of reduce, the implementation in Coq uses step-indexing
(the argument (fuelmat)) to enforce termination. We introduced this abstract machine for a
pragmatic purpose, and in that respect this trick achieve the goal successfully at a low imple-
mentation cost. Nonetheless, termination of the abstract machine should be provable without,
since the part of SM the abstract machine is reducing is essentially simply typed.

4.5 Towards a categorical approach to relative monad
transformers

Beside the implemented version of SM, we wish to have a more conceptual understanding of the
limitations and potential extensions of the SM language. In particular, the Coq development of
SM is specialized to produce specification monad transformers, however most of the proofs seem
to be of general nature, enabling an extension to other kind of relative monad transformers. In
this section, extend Lem. 4.2.1 in two different directions. First, we extend it to account for a
collection of monads, or rather to natural transformations 6 : F' — G between functors F, G :
K — Mnd(C) from a category K to to monads on a category C, objects that we call (K -)indexed
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(retv| m), > retvfo|emw tex > t
(bindti ta || 7) > (t1|Cont(Az. (taz | m))) teCont(f) » fit
((t1,t2) | mi-m) > (ti|m) tem; -m > miterm
(mit| ) > (t|m-m) tev.-m > tQover
(Az.t]v-m) > (t[z/v] || ) tetjom > tQuerm
(t@Qowv| ) > (t]v-m)

(x| m), > o(z)ew when o(x) is neutral

(|7, > (oa)|m)y  otherwise

S TR WS 1

<t1 @‘tg ” 7T>g > <t1 H <t2 || *)id<>7r>a

Figure 4.11: Reduction of abstract machine configurations

Inductive stack{l' c¢}: ctype — Type :=

StckNil: stack c

StckCont : forall A, (A — icterm ' c) — stack (CM A)

StckProjl: forall ¢’ (H:isProd ¢’), stack (prodProjl H) — stackc’

StckProj2: forall ¢’ (H:isProd ¢’), stack (prodProj2H) — stack ¢’

StckArg: forall ¢’ (H:isArr ¢’) (v:arrDomH), stack (arrCod Hv) — stack ¢’

StckCArg: forall ¢’ (H:isArrCc’), ictermI (arrCDom H) — stack (arrCCod H) — stack c’.

Definition reduce (I'g : ctx) (fuelmat):
forall cOTI c (t:icterm I c) (m:@stack ['g cO c) (o : isubstitution I'g I'), icterm I'y cO.

Definition rebuild I' {cO c} (7 : @stack I' cO c): forall (t:icterm I ¢), icterm " cO.

Figure 4.12: Stacks and Abstract machine reduction for SM

monads in (Maillard and Melliés, 2015). Second, we explain how to generalize this lemma to the
case of relative monads in a framed bicategory, closing the loop with the setting of chapter 3.

As a motivation, observe that a simple special case of natural transformations between in-
dexed monads recover the notion of monad transformers. Given categories K, C and functors
F,G : K — Mnd(C), a natural transformation # : F' — G is a collection of monad morphisms
0 : F k- Gkfork € K. Taking K to be the category Mnd(C) of monads on C and F’ to be the
identity functor Id y4nq(c), the data of a pair (G, #) correspond exactly to a monad transformer
onC.

In order to state the generalization of Lem. 4.2.1 for indexed monads, we introduce the fol-
lowing notations. Given categories K, C, we note C : K — Cat the constant functor with value
C.IfG : K — Mnd(C) is a K-indexed monad, we define a transformation t : C — C, with
component at k € K settot¥ = Gk : C — C. t© is not natural but lax-natural, which means
that for f € K(k,k’), the following naturality square is filled by a (not necessarily invertible)
2-cellt¢ =G f

ti=Gk

C c

Cr

;s i}t?

G ’
1% =Gk

Moreover, there are modifications 7 : idz — t% and @ : t% 0t — t% induced by the
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pointwise monad structure of th and the fact that t? are monad morphisms. In details, for each

k € K we have natural transformations nkG :Ide = Gk, ,uk,G : (Gk)? — Gk, respectively the
unit and multiplication of the monad G k, satisfying for any f € K (k, k') the identities

tSot¢ tSot¢
=
c /u?;,fj\ c uuie c” e
v B i
Y17 Yt
TR
C C C C C &
v unk ~___ M
ty ty ty tg

For F : K — Mnd(C), we note Cf' = Alg o F°P : K° — (Cat the functor assigning
to k € K the category of Eilenberg-Moore algebras C'*. There is a natural transformation
u : CF' = C given at each component k by the relevant forgetful functor sending an algebra
in CF'F to its carrier in Ck = C. Since u is natural, it acts by post-composition on lax-natural
transformations and modifications, inducing in particular a functor (of 1-categories)

Us [K°P, Cat];e(C,CT)  —  [K°P,Cat];az(C,C).

Lemma 4.5.1. Let C, K be categories, and F,G : K — Mnd(C) be functors to monads on C.
There is a bijective correspondence between

1. natural transformations 6 : F' — G,

2. lax-natural liftings t¢ : C — C¥' of t& through u such that the modification u© also lifts to
[G 16 0 4G _y 16,

Proof. (1 = 2) The component at k € K of the natural transformation 6 : F' = G provides a
monad morphism 0y : F'k — G k. By Lem. 4.2.1 point 2, we obtain for each k € K a lifting
tG Ck —>CF/£ofth = Gk :Ck — Ck through uy, : CF'* —>Csuchthatu hftsas,uk Now,
given f € K(k, k'), we need to show that t? G f lifts as a natural transformation t? filling
the naturality diagram below on the left, that is G'f should be an F'k-algebra morphism. This is
indeed the case since the diagram on the right commutes by naturality of 6, and ;©. Moreover,

i is a modification since G f is a monad morphism.

FkGf(c)

FkGk(c) ——= FkGK'(c)
i9=Gk Fka,'(c)
ty =

C —— CFk O, Gr(c) Fk/ Gk/(c)
b E? TCFf O Gt (e)
C———Cf¥ Gk Gh(c) ~—=---= » Gk GI'(c)
E,?/:G k/ o
P Hor
’
Gk(c) T GE'(c)

(2 = 1) Conversely, another application of Lem. 4.2.1 provides the definition of ), at each
k € K. Explicitly, 6 is obtained by extending n“* to an F'k homomorphism thanks to the
F k-algebras structure on G k (see the proof of Lem. 4.5.2 below). We still need to show that
is natural in k. Since £ is a lifting of 7, for any f € K (k, k), the underlying natural transfor-
mation of fJCf is necessarily G f, and unfolding the lax-naturality condition, G f is an F'k-algebra
homomorphism, justifying the following computation (where we write o, for the F'k-algebra
structure on Gk):
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- ok-@)

How does Lem. 4.5.1 help us understanding SM ? We can interpret covariant type construc-
tors in SM as lax natural transformations from C" to C where n is the number of type arguments.
For instance, the unary type constructor M should be interpreted by ¢!4And(©) The choice of type
formers accepted in SM should then be induced by the lifting condition along u. Finally, the con-
dition that the multiplication should lift as well can be seen as a counterpart of the linearity
condition.

We now explain how to extend Lem. 4.2.1 to the relative monad setting. We will not attempt
to generalize Lem. 4.5.1 to the relative setting. Even though we expect some generalization to the
relative setting to hold, introducing the structures corresponding to lax-natural transformations
and modifications in the relative monad setting would bring us too far.

Lemma 4.5.2. Let F be a framed bicategory, j : I — C' a vertical arrow in F and m; a j-relative
monad. For any j-relative monad ma, there is a bijective correspondence between:

> relative monad morphisms mi — mg over the identity of j, and

D> my-algebra structures on mqy such that bind™? lifts to an my-algebra morphism, that is
bind™? € Alg,, (m5C35*).

Proof. Given a relative monad morphism 6 : m; — mg over the identity of j, we equip ms with
an mj-algebra structure oy defined as

sk

?Q%_T? 1
T

The 2-cell ay is indeed an m;-algebra structure as shown by the two following computations
using the fact that 6 preserves ret and bind.

% .
m2 _7 m

b1nd’"2 b1ndm2
retml retml ret’”? J

N %
<.
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1)“ FLOY 1Lt r’*#

(bind™) = (bind™) (bind™) = (bind™) (  bind™
w7

my j* oms my 3t msy
] ]
i i
( g ) = (  bind™ )
1 f
ms; mj m; mi
5007 ms ms j* o my g
t 1 i L e
= (bind™) (bind™) = (bind™) (@ )
@ o
ms mi  mj mj

In the other direction, if v is an m;-algebra structure on mg, we define the natural transfor-
mation 0, as

..‘7
(_a
meo mq

0., is actually a monad morphism using the algebra laws and, for the last step of the second
computation, the fact that bind”? is an algebra morphism

ma— ()@« -
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4.6 Conclusion & Related work

In this chapter we presented the notion of monad transformers, introduced for by (Liang et al.,
1995), and extended it to relative monads. In order to derive correct monad transformers and
specification monad transformers, we introduced a metalanguage SM. The types of this meta-
language capture algebras with respect to an abstract monad M, a notion reminiscent of modular
handlers introduced in (Schrijvers et al., 2019) to compare monad transformers with the extensi-
ble algebraic effects with handlers of (Kiselyov et al., 2013). The elaboration of monads internal
to SM to monad transformers employ proof-relevant logical relations to provide the action on
monad morphisms, a technique inspired by the work of Kaposi et al. (2019) on models of de-
pendent signatures. An implementation of this metalanguage in Coq brings the convenience of
defining monad transformers from a small standard monad specification to a practical level. We
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sketched some ideas on how the theory behind SM could be extended to relative monad trans-
formers beyond the case of specification monad transformers. Designing and implementing such
an extension is left as an interesting but challenging future work.

At a theoretical level, the work of Jaskelioff and Moggi (2010) where a thorough study on
monoid transformers is carried on is closely related to ours. Monoid transformers on an arbitrary
monoidal category are by essence more general than monad transformers, and by consequence
harder to describe syntactically in general. They tackle this problem by classifying monadic op-
erations in various classes of expressiveness and provide more or less structure on the monoid
transformers dependending on the well-behavedness of these operations. For instance, they de-
rive a monad transformer for continuations without a functorial action on monad morphism,
whereas we extend it to monadic relations. A tempting future work would consist in extend-
ing their work on monoid transformers to consider relations between monoids preserving the
monoid structure.






Chapter 5

Dijkstra monads

“One Ring to rule them all, One Ring to find them,
One Ring to bring them all and in the darkness bind them(...]

»

JRR. Tolkien, The Lord of the Rings, The Fellowship of the Ring

Having examples, theoretical concepts and practical ways to build computational monads,
specification monads and effect observations, we now turn to the question of verifying code
in practice. Effect observations by themselves provide a rudimentary way to prove properties
of programs: given a program ¢ : M A and an effect observation § : M — W, we can prove
properties on ¢ by exploiting its assigned specification 6(c) : W A. However, directly applying
f amounts to run the program with respect to the semantics given by 6. This may lead to a
complex, hardly modular specification.

This chapter is dedicated to the study of a methodology for verifying unary programs called
Dijkstra monads. Dijkstra monads provide a practical and automatable verification technique
in dependent type theories like F* (Swamy et al., 2016), where they are a primitive notion, and
Coq, where they can be embedded via dependent types. A Dijkstra monad D A w refine a com-
putational monad with a specification index picked out of a specification monad. We open this
chapter by defining more formally these objects and then show with examples how a Dijkstra
monad can be obtained from a computational monad, a specification monad, and an effect ob-
servation relating them, providing a methodology for actual verification. The second section
then proves that effect observations and Dijkstra monad are categorically equivalent, providing
a principled approach to the construction of Dijkstra monads in the examples. We close the
chapter on a brief comparison with graded monads, another indexed monad structure used to
capture for instance resource bounds on computations (Katsumata, 2014).

5.1 Definition & examples

Definition 5.1.1 (e ). A Dijkstra monad over a specification monad W is given by

> atype D A w for each type A and specification w : W A,

D> return and bind functions where the index is provided respectively by the return and bind of
W

ret? . (z:A)— DA (retV )
bind® : DAw — ((r:A) = D Buws(x)) = D B (bind™ w; wa)

75
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> such that the following monadic equations about ret” and bind® hold
bind” mret? =m
bind” (retPz)f= fx
bind® (bind® m f) g = bind® m (A\z. bind® (fz)g)

wherem : DAw™,x : A, f : (v : A) = DB(w/z),g9: (y: B) = DC(w9y) for
A, B,C any types and w™ : WA, wf : (v : A) > WB,w9: (y: B) —» WC.

> Together with a weakening structure reflecting the order on the specification monad W

weaken = wi<gqwyxXDAws — DAwy

D> such that the following axioms hold (where we conflate the propositions wi<ws and their
proofs)
weaken(w<w,m) = m,
weaken(w; <wy<ws, m) = weaken{ws<ws, weaken{w; <wg, m)),
bind® (weaken(w,,<wl,,m)) (\a. weaken(w; aswha, fa)) =

weaken(bind" wp, wr<bind" w), w}, bind” m f).

Intuitively, the type D A w correspond to “computations specified by w” and the weakening
structure allow to coerce a computation from a stronger to a weaker specification as needed.

Note that the Dijkstra monad equations are well-typed only if W satisfy the monadic laws.
In HoTT terminology (Univalent Foundations Program, 2013), these equations are actually paths
over the corresponding equations for W. This has no incidence in an extensional type theory
such as F*, but it means for our Coq development that we need to pay attention to the equality
proofs for our specification monads. It explains why we are so often relying on the backward
predicate transformer specification monad (see subsection 2.3.4) since it has the good taste to
satisfy its monad laws definitionally.

In order to use seamlessly multiple Dijkstra monads, that is multiple effects, in a single pro-
gram, we need a way to coerce computations — and specifications — from one effect to another. F*
uses the concept of subeffecting to achieve this. In the implementation, the subeffecting relation
is an order on Dijkstra monads generated by a choice of at most one Dijkstra monad morphism
between two different Dijkstra monads. Such a Dijkstra monad morphism must hence coerce
both computations and specifications.

Definition 5.1.2. A morphism of Dijkstra monads from Dy A (wy : W1 A) toDy A (wg : Wo A)
consists of:

> a specification monad morphism OV : Wi — Wy and

> a family of maps
eA?,wl : Dl A w1 — DQ A (@le)

indexed by types A and specifications wy : W1 A,
D> satisfying the following identities
0P (retP' a) = ret™a, 0P (bind®* m f) = bind?? (0P m) (0% o f),

0P (weaken (w < w',m)) = weaken(OVw < OVu', 6P m).

for any types A, B, and terms a : A, w,w' : WA, m: DAw,w/ : A - WB, f: (a:
A) = D B (wf a).

Considering Dijkstra monads and Dijsktra monad morphisms together, we obtain a category
that we will note D Mon.
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5.1.1 Using Dijkstra monads for verifying programs

We explain the general methodology for proving code using Dijkstra monads. Consider the
following piece of F* code defining a function mapping a natural number k : N to the k-th element
of Fibonacci sequence.
let rec fib (n:N) : Pure N(requires T) (ensures (A r.r>nAr>1))=
if n < 1then1else fib(n—1) + fib(n — 2)
This code does not need any effect! and uses implicitly the Dijkstra monad Pure of pure functions
provably terminating on the domain given by specifications drawn from WY"®, Translating
the let ... in constructs to their explicit monadic variant and inserting return operation where
needed, the definition of fib becomes:
let rec fib (n:N) : Pure N(requires T) (ensures (A r.r>nAr>1)) =
if n <1 then
retPure 1
else
bindP (fib (n—1)) (\ rL.
bindP (fib (n—2)) (\ r2.
retPue (r1 + r2)))

By type inference, the type of the body of fib is Pure N wyoqy Where

A wPure
Whody N =1f n < 1thenret

else bindV " (wyp (n—1)) (A rl. bind™V' " (wpsp (n—=2)) (A r2. retW ™ (r1 + r2))))
Wy n=Apost. TAVr.r>nAr>1= postr

the second specification being derived” from the declared require and ensure clause of the func-
tion fib above. For the function fib to be well-typed, the following verification condition (VC) must
hold:

VN, Whody M gwpurc Weip M.
Formally, it corresponds to wrapping the body of fib with a weaken operation and providing
the proof of the VC as argument. This last step is performed as part of subeffecting in F*’s type
inference/type checking mechanism. When using Dijkstra monads in Coq — or more generally in
any dependent type theory where Dijkstra monads are not a primitive notion —, these weakening
must be written explicitly.

How is this methodology any better than just applying an effect observation to the code ?
Observe that the specification wy,q, obtained by type inference is close to what we could obtain
when applying an effect observation 6 to the body, the difference being that at the leaves of the
specification, we have occurrences of w;;, instead of 6 applied to some recursive occurrences of
fib. In this small example it might seem to be a benign difference, but it means that we have some
control over the specifications that are used and can abstract away irrelevant implementation
details. This is an important, albeit rather simple, form of modularity.

Of course, this methodology comes with an important drawback: when defining a function,
we need to come up with the right specification that strikes a good balance between being simple
and complete enough.

5.1.2 Implementing Dijkstra monads in type theory

The concrete definition for the type of a Dijkstra monad can vary according to the underlying
type theory. For instance, in our Coq development, we define it (roughly) as a dependent pair
of a computation ¢ : St A and a proof that c is correctly specified by w. In F*, it is instead a
primitive notion.

"Beside the fixpoint that can be shown to be total; we return to this point when reconstructing Pure.
®The transformation from pairs of pre/postconditions to backward predicate transformer is actually part of the
adjunction described in section 2.3
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5.1.3 The Dijkstra monad St of stateful computations =

Let us start with stateful computations as an illustrative example, taking the computational
monad St, the specification monad W5t and the following effect observation:

65t St — WSt

65t(m) = \post sg. post (m sg)

We begin by defining the Dijkstra monad type constructor, ST : (A : Type) — W5' A — Type.
The type ST A w contains all those computations ¢ : St A that are correctly specified by w. We
say that cis correctly specified by w when 6t (c) < w, that is, when w is weaker than (or equal to)
the specification given from the effect observation. Unfolding the definitions of < and #%!, this
intuitively says that for any initial state sg and postcondition post : A xS — P, the precondition
w post sg computed by w is enough to ensure that ¢ returns a value v : A and a final state s;
satisfying post (v, s1); in other words, w post sg implies the weakest precondition of c.

The Dijkstra monad ST is equipped with monad-like functions retT and bind>T whose
definitions come from the computational monad St, while their specifications come from the
specification monad WS, The general shape for the ret and bind of the obtained Dijkstra
monad is:*

retST = retS . (v:4)—>STA (retWSt v)

bindST = bind® : (c:ST Aw.) — (f:(z:A) — ST B (wsx)) = ST B (bind"V™" w, wy)

which, after unfolding the state-specific definitions becomes:
retST = retS . (v:A) = ST A (\postsg. post (v, s9))

bind5T = bind® : (c:ST Aw.) = (f:(z: A) = ST B (wy x))
— ST B (Ap so. we (A (x, s1).wyp x psi)so)

The operations of the computational monad are also reflected into the Dijkstra monad, with
their specifications are computed by 65, Given op>t : (z1 : A1) — --- — (z, : A,) — St B,
we can define

opST = o0pSt : (z1: A1) = = (2n: Ap) = ST B (654 (0pSt 21 ... x,))
Concretely, for state, we get the following two operations for the Dijkstra monad ST
get : ST S (Apso.p (so, s0)), put : (s:8)—=ST1(Apso.p (x, s)).

Given this refined version of the state monad, computing specifications of (non-recursive)
programs becomes simply a matter of doing type inference to compositionally lift the program
to a specification and then unfolding the specification by (type-level) computation. For instance,
given modify (f : S — S) = bind>T get (Az. put(fx)), both F* and Coq can infer the type

ST 1 (bind"™™ (Apso. p (s0, s0)) (Aspso.p (x, f5))) = ST 1(Apso.p(* fs0))

which precisely describes the behavior of modify, both in terms of the returned value and of
its effect on the state. Program verification then amounts to proving that, given a programmer-
provided type-annotation ST 1 w for modifyf, the specification w is weaker than the inferred
specification.

*If the representation of the Dijkstra monad is dependent pairs, then the code here does not type-check as-is
and requires some tweaking. For this section we will assume Dijkstra monads are defined as refinements of the
computational monad, without any explicit proof terms to carry around. In our Coq implementation we use Program
and existensial variables (evars) to hide such details.
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Aparté: State inreal life The basic idea of a Dijkstra monad for state can be extended to apply
to more realistic situations using a curated memory model closer to an actual implementation.
We briefly explain the model used in F* targetting generation of efficient low-level C code to give
an idea of how to step up from a toy model to an actual tool for program verification. A more
complete account of this exposition can be found in (Protzenko et al., 2017).

We already explain in chapter 2 how the state S can be instantiated by a store S = Loc —
Val to accommodate for multiple memory cells. Pushing this idea further, we can structure the
state as a tree of regions, each region holding its own set of memory cells. This model called
hyper-heap in F* provides a primitive variant of separation and framing, an important tool to
prove that a program does not interfere with regions it does not touch. Specializing some of
the regions to reflect the differences between the heap and the stack in the C memory model,
we obtain the hyper-stack model. In more details, the stack is a list-shaped sub-tree of regions,
each of these region corresponding to a stack frame, maintaining liveness condition satisfying
the stack discipline, e.g., memory cells on the stack cannot outlive their stack frame. The heap
on the other hand has a much more liberal discipline.

The hyper-stack model per-se does not use anything F*-specific. However to reason effi-
ciently about stateful arguments, monotonicity arguments are heavily used in F* (Ahman et al,,
2018), for instance to discharge the hypothesis that a garbage collected reference that is reach-
able in a program is always alive, that is both allocated and not freed. If it seems achievable to
provide a Dijkstra monad for monotonic state?, it does not seem possible to obtain the crucial
operations witness and recall. In the setting of Coq, the Iris framework (Jung et al., 2018) may
be an interesting way to obtain similar reasoning methods.

5.1.4 The demonic Dijkstra monad ND &/

The previous construction is independent from how the computational monad, the specification
monad, and the effect observation were obtained. The exact same approach can be followed for
the NDet monad coupled with any of its effect observations. We use the demonic one here, for
which the pick and fail actions for the Dijkstra monad have types:

pick™P* . NDgB (Ap. p true A p false) fail™P* . NDxO (Ap. T)

With this, we can define and verify F* (or Coq) functions like the following:

let rec pickl (Llist a) : NDD v (A p — Vx. elem x | = p x) =
match [with

| (] = fail )

| x::xs — if pick () then x else pickl xs

let guard (b:B) : NDD unit (A p — b= p()) = if bthen () else fail ()

The pickl function nondeterministically chooses an element from a list, guaranteeing in its spec-
ification that the chosen value belongs to it. The guard function checks that a given boolean
condition holds, failing otherwise. The specification of guard b ensures that b is true in the contin-
uation. Using these two functions, we can write and verify concise nondeterministic programs,
such as the one below that computes Pythagorean triples. The specification simply says that ev-
ery result (if any!) is a Pythagorean triple, while in the implementation we have some concrete
bounds for the search:
let pyths () : NDD (int & int & int) (A p = Vx y z. xx + py = 222 => p (x%,),2)) =

let[=[1;2;3;4;5;6;7;8;9;10] in

let (x,y,2) = (pickl L, pickl I, pickl ]) in

guard (xx + py = z+2);

(x3:2)

*Using the monotonic state transformer from section 4.3.
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5.1.5 Interacting with the outer world: the 10 Dijkstra monad family &

We illustrate Dijkstra monads for multiple effect observations from IO. First, we consider the
context-free interpretation 6 . 10 — W for which 10 operations have the interface:

read’©” . IOFree I (Ap.V(i: I).p (i, [Ini]))
writel®” (0:0) — I0Free 1 (Ap. p (x,[Out o]))

We can define and specify a program that duplicates its input (assuming an implicit coercion
1 <:0):
let duplicate () : IOFree unit (A p — Vx. p (), [In x; Out x; Out x])) = let x=read () in write x; write x

However, with this specification monad, we cannot reason about the history of previous I0
events. To overcome this issue, we can switch the specification monad to WHist and obtain

read©™ . IOHist I (\ph. ¥i.p (4, [Ind]))
write®" (0o:O) — IOHist 1 (Ap h. p (*,[Out 0]))

The computational part of this Dijkstra monad fully coincides with that of IO", but the specifi-
cations are much richer. For instance, we can define the following computation:

Hist
mustHaveOccurred = \_.retl©

x 1 (0:0)—IOHist1(Aph.Outo € h Ap(x,]]))

which has no computational effect, yet requires that a given value o was already been outputted
before it is called. This is weakening the specification of retlO™" « (namely, retWV"™ x =
Ap h. p(*,[])) to have a stronger precondition. By having this amount of access to the history,
one can verify that certain invariants are respected. For instance, the following program will
verify successfully:
let print_increasing (i:int) : IOHist unit (A p h —>VR. p (), 1)) =

write i; (x pure computation =) mustHaveOccurred i; (+ another pure computation =) write (i+1)

The program has a “trivial” specification: it does not guarantee anything about the trace of
events, nor does it put restrictions on the previous log. However, internally, the call tomustHaveOccurred
has a precondition that i was already output, which can be proven from the postcondition of
write i If this write is removed, the program will (rightfully) fail to verify.
Finally, when considering the specification monad WO, we have both state and IO opera-

tions:
read'®>t . 10StI(Apsh.Vi.p(i,s,[Ini]))
get!OSt . TOStS (Apsh.p(s,s,[]))
writel®St . (0:0) = I0St1(Apsh. p(x,s,[Out o]))
put!OSt o (5:8) 5 10St1 (Ap_h. p(x,s,[])
where (read'?%t, write!©5t) keep state unchanged, and (get!©5t, put!©5t) do not perform any

I0. With this, we can write and verify programs that combine state and IO in non-trivial ways,
e.g.,
let do_io_then_rollback_state () : IOST unit( A shp —Vi.p((), s, [In i; Out (s+i+1)])) =

let x=get () in let y=read() in put (x+y);

(+ pure computation =)

let z=get () in write (z+1); put x

The program mutates the state in order to compute output from input, possibly interleaved with
pure computations, but eventually rolls it back to its initial value, as mandated by its specification.
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5.1.6 Provably terminating recursion in Pure o

The Pure effect is the most basic effect, containing only pure, provably total computations. We
implement a model of Pure in Coq over the specification monad WF"¢ A = Contp A (or rather
its monotonic refinement). The underlying representation of a pure computation is given by

PureAw=(p:A—=P)—=wp—(a:A) Xpa

That is, given a postcondition p : A — P, a pure computation ¢ : Pure A w is a total function
taking as input a proof that the precondition w p holds and returning values a : A such that pa
holds.

We use this simple Dijkstra monad to explain how to combine the ideas from (McBride, 2015)
with effect observations to yield a presentation of provably terminating recursive functions close
to what can be found in F*. We start by briefly explaining how termination proof work in F*. In
order to define a Pure recursive function ftaking arguments of type Arg and returning a result
of type R according to the specification w : WP R, an F* user have to specify a measure
which is an arbitrary total expression depending on the arguments of the function, here args.

let rec f(args:Arg) : Pure R w(decreases |) =
(+ body of f containing recursive calls =)

.. fargs ..

This measure acts on the specification of finside its body, inducing the following signature (note
that args correspond to the top-level argument and is bound inside the body):

val f: (args : Arg) — Pure R (A p. I[args’/args] < I A w(args/args] p)

Here < is a well-founded relation between arbitrary F* terms generated by the subterm order
on inductive types®. The overall result is that every recursive are guarded in the sense that the
function fcan only be called on arguments for which the measure provably decreases.

In order to emulate this mechanism in Coq for a recursive function with fixed domain Arg,
codomain R and specification w : WPure R we construct a Dijkstra monad from effect observa-
tions on top of the monad GenRec for general recursion presented in subsection 2.1.2. We assume
that Arg comes equipped with a well-founded relation <. The specification monad we use is
simply WPe however instead of fixing a single effect observation, we define a family of ef-
fect observations 0,45 parametrized by the top-level parameter (args:Arg). Recall that the monad
GenRec Arg R is free on a single operation call : (args’ : Arg) ~ R and that an effect observa-
tion from a free monad is fully defined by specifications for each operations subsection 2.4.5, in
the present case a single function wea17 : (args’ : Arg) — Wwhure p. Putting these observation
together we define the family of effect observations 04,45 : GenRec Arg RX — Whure X ag
induced by wea11 a79gS

let weanr (args: Arg) : (args’ : Arg) — WFWe R= X(p: R — P). args’ < args \ wlargs’/args] p

This induces a family of Dijkstra monads GenREC .5 X (w : WF'™®) parametrized by args :
Arg. Now, to close the loop, we can define a handling construct fix from this newly defined
Dijkstra monad to Pure:

val fix : ((args: Arg) = GenREC;,4s R w) — (args:Arg) — Pure R w

The role of fix is to gather the proofs of well-foundedness carried by each recursive call inside
its first argument thanks to the specification w¢a1; and to transform it into a witness that the
putative fixpoint is globally well-defined.

We presented a program transformation translating F* source syntax to describe provably
terminating recursive functions into a form admissible in Cogq.

3The actual relation in F* also bake in the decreasing order on natural numbers and a construction for lexico-
graphic order.
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5.1.7 Effect polymorphic functions

Even though the operations ret and bind provided by a (strong) monad can seem somewhat
restrictive at first, they still allow us to write functions that are generic in the underlying com-
putational monad. One example is the following mapW function on lists, generic in the monad
W (similar to the mapM function in Haskell):

let rec mapW (I: list o) (f: a— W B) : W (list B) =
match [with [] — ret [] | x:: xs — bind (fx) (A y — bind (mapW xs f) (A ys — ret (y :: ys)))

When working with Dijkstra monads, we can use the mapW function as a generic specification
for the same computation when expressed using an arbitrary Dijkstra monad D indexed by W:°

let rec mapD (I: list &) (w: a— W ) (f: (@:a) = D B(w a)) : D (list B) (mapW [ w) =
match [with [] —ret[] | x:: xs—1let y=fxinlet ys= mapDxsw fin y: ys

where mapD takes the list [, the specification for what is to happen to each element of the list, w,
and an implementation of that specification, f. It builds an effectful computation that produces
a list, specified by the extension of the element-wise specification w to the whole list by mapW.
Analogously, we can implement a generic iterator combinator provided we have an invariant
w: W unit for the loop body : N— D unit w such that the invariant satisfies bind w (A() = w) < w:
let rec forin (range : list N) (body : N— D unit w) : D unit w =
match range with

;0—=0
| i :: range — body i ; forin range body

Here we use not only the monadic operations but also the possibility to weaken the specifica-
tion bind w (A() — w) computed from the second branch of the match to the specification w by
assumption.

In most the examples in this section, we used Dijkstra monads obtained via the same general
recipe (see next section for details) from the same kinds of ingredients: a computational monad,
a specification monad, and an effect observation from the former to the latter. This enables a
uniform treatment of effects for verification, and opens the door for verifying rich properties of
effectful programs.

5.2 Equivalence with effect observations

As illustrated with examples in the previous section, Dijkstra monads can be obtained from effect
observations § : M — W between computational and specification monads. As we shall see this
construction is generic and leads to a categorical equivalence between Dijkstra monads and effect
observations. In order to compare this notion of Dijkstra monads to effect observations, we also
introduce a category of monadic relations MonRel and show that there is an adjunction

[ - pte : MonRel — DMon. (5.1)

Intuitively, an adjunction establishes a correspondence between objects of two categories, here
MonRel and DMon. An adjunction always provides an equivalence of categories if we restrict
our attention to objects that are in one-to-one correspondence, those for which the unit (resp. the
counit) of the adjunction is an isomorphism. When we restrict the adjunction above, we obtain
an equivalence between Dijkstra monads and effect observations. For the sake of explanation,
we proceed in two steps: first, we consider Dijkstra monads and effect observations over speci-
fication monads with a discrete order (i.e., ordinary monads), describing the above adjunction in
this situation; later, we extend this construction to general preorders, thus obtaining the actual
adjunction we are interested in.

SThese effect polymorphism last examples are written in F* syntax, but only implemented in Coq, since Dijkstra
monads are not first class in F*.
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The discrete setting In this paragraph we take all specification monads W to be slightly
degenerated, namely discrete. Given a monadic relation R : M <+ W (Def. 4.3.1) between a
computational monad M and a specification monad W, we construct a Dijkstra monad pre R on
W as follows:

(preR)A(w:WA) = (m:MA) xmRyw (5.2)

That is (pre R) A w consists of those elements m of M A that are related by R to the specification
w. When R is the graph of a monad morphism 6 (or equivalently, R is functional), pre(R : M <>
W) maps an element w : W A to its preimage 0! (w) = {m : M A | §(m) = w}. The return and
bind operations of preR are given by the return and bind operations of M, using the compatibility
of R with respect to the monad operations of M and W. The weakening operation is just the
identity since the order on W is assumed to be trivial.

Conversely, any Dijkstra monad D over a specification monad W with discrete order yields
a monad structure on

JDA=(w:WA)xDAw (5.3)

and the projection of the first component is a monad morphism 71 : [ D — W.
In order to explain the relation between these two operations pre and [ —, we introduce the
category MonRel of monadic relations.

Definition 5.2.1. The category MonRel of monadic relations consists of:

D> An object of MonRel is a pair of monads M, W together with a monadic relation R : M <>
W between them.

> A morphism between RY:M; < Wy and R? : My <> Wy is a pair (@M, G)W) of a monad
morphism OM : My — My and a specification monad morphism ©W : Wi — W such
that

@M
MlA—A> MQA

R;I = IR?A

Wl A T W2 A
Ok :V(m:MA) (w: WA). mRYyw = OM(m)R% 0V (w). (5.4)

The construction pre extends to a functor on MonRel: it sends a morphism (OW, @M) :
R! — R? between monadic relations to a Dijkstra monad morphism (W, 0P) : pre R! —
pre R?, where ©F  is defined as the restriction of O to the appropriate domain

O, (m: My A) xmRYyw — (m:MyA) x mR% (OWw)
o (m. pf) — (©Mm, OF pf)

Conversely, | packs up a Dijkstra monad morphism (O%,07) : (W1, D;) — (W, Ds) as
monadic relation morphism (@YW, M), where

@M, (w:WlA)xDlAw — (wZWQA)XDQAw
4 (w, m) — (0 w, 0%, m)

Since ©M maps the inverse image of w — pairs whose first component is w - to the inverse
image of ©W (w) - pairs whose first component is ©" (w)-, condition (5.4) holds. Moreover,
this gives rise to a natural bijection

MonRel([ D, R) = DMon(D,preR)
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that establishes the adjunction (5.1). We can restrict (5.1) to an equivalence by considering only
those objects for which the unit (resp. counit) of the adjunction is an isomorphism. Every Dijkstra
monad D is isomorphic to its image pre (/ D), whereas a monadic relation R is isomorphic to
[(pre R) if and only if it is functional, i.e., a monad morphism. This way we obtain an equivalence
of categories between DMon and the category of effect observations on monads with discrete
preorder.

The ordered setting We now consider the general case of specification monads equipped
with an arbitrary order, that is monadic relations R : M <> W where M is a (plain,discrete)
monad and W a specification monad. The definition of pre (5.2) still makes sense but for the
weakening operation: the Dijkstra monad pre R has a weakening operation exactly when R is
monotonic Def. 4.3.1 with respect to the order. Hence, we restrict our attention to the category
MonRel= of monotonic monadic relations. Doing so, we obtain a functor pre : MonRelS —
DMon from the category of monotonic monadic relations to the category of Dijkstra monads.

The special case of a monad morphism 6 : M — W fits well in this picture as long as we
consider the associated monotonic monadic relation Ry defined by m Ryp w <= 6m <W w.
The corresponding weakening structure on pre Ry is given by

weaken(w; < wea, (m,0(m) < wi)) = (m,0(m) < w; < wo).

Building and explicitly describing a left adjoint | to pre turns out to be slightly more difficult.
To explain where the problem lies, consider the case of a monad morphism 6 : M — W for which
we expect [(pre 6) to be isomorphic to §. However, using straightforwardly the previous defini-
tionof [, [(pre #) is just (XM, W, ;) where XM A = (w : W A) x (m: M A) x04(m) <4 w,
which is far from being isomorphic to M. The problem is that we get one copy of m for each
admissible specification w : W A. These copies, however, are non-essential since the weaken-
ing structure of pre 6 identifies them. As such, a reasonable definition of [ n the ordered setting
need to further quotient them ’. Consequently, we define [ D as the monotonic monadic relation
[ D= (/D,W,R;p) with

JDA= (w:WA)xDAw)/ ~ (w, ] Rip w' = w<w

where ~ is the equivalence relation induced by (w, ¢) ~ (w’, weaken(w <w’, ¢)) and [w, c| is the
equivalence class of the pair (w, ¢) in [D. The monad structure on A — (w : W A) x D Aw is
induces a monad structure on the quotient [D because bind" is monotonic in both arguments
and bind? is compatible with the weakening structure in both arguments as well. This definition
reduces to Equation 5.3 when the order on W is discrete.

Theorem 5.2.1. The categories of Dijkstra monads and monadic relations are connected by an
adjunction
[Hpte : MonRelS — DMon.

Moreover, restricting our attention to specification monads W such that any two elements in W A
has an upper bound for <", the adjunction induces an equivalence in the following cases:

> the counit e : [ (pre R) — R is invertible if R = Ry for0 : M — W a (lax) monad

morphism®.

> the unit np : D — pre ([ D) is invertible whenever weaken? (w <V w') : DAw —
D Aw' is one-to-one for any A andw < w' : W A.

"We conjecture that an alternative and more symmetric solution would be to equip our Dijkstra monads with an
additional order, but this does not correspond to the examples we obtain in practice.

®By a lax monad morphism 6§ : M — W, we mean a lax natural transformation 6 - that is such that the
naturality square commutes up to the order on W- preserving the monadic operations in the weaker sense that
O(ret™) < ret™W and #(bind™ m f) < bind™W (9 m) (G o f).
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Proof. The definition of [ given on Dijkstra monads extends Dijkstra monad morphisms: (@W, @7P) :
(W,,D1) — (W, Ds) pairs up to provide a monad morphism (0%, 0% : ((w : W, A) x
Dy Aw) — ((w: Wy A) x Dy Aw), and since 8" is monotonic with respect to the orders on
W, W, this natural transformation descend to the quotient by ~ as ©/7 : [D; — [Dy and
we define [ (OW,07) = (6W, ©/P), the condition (5.4) being immediate. We check that this
assignment is functorial, giving rise to a functor [ : DMon — MonRel=.

We now turn to the construction of natural transformations

© : MonRel([D1,R2) ——— DMon(Dy,preRs)
MOHRGI([’Dl, RQ) é DMOH(Dl, pre RQ) : 1/)
for (W, D1) a Dijkstra monad and (Ma, W,, R2) a monadic relation.
For (@M, @W) € MonRel([D1,R2), that is oM. [D1 — Ms and oWV . W, = W,, we set
e(eM, 0WV) = (6W,07) where OF is the Dijkstra monad morphism defined by
0% » . DiAw  —  (m:MgA) x mRy (OV w)
¢ — (OMw,d],)

In this definition and the proof of the Dijkstra monad morphism laws below, we leave implicit
the witness that the relation Rs hold obtained from the condition (5.4).

65 ret"V1 a(retp1 a) = @M[retW1a7 retDI a] - @M(reth1a) = I'etM2 a
@Z bind" 1 wm w/ (bind”' m f) = ©Mbind™1 w™ w’, bind™" m f]

= OM(bind/P! [w™, m] (. [w’ z, f x]))
= bind/ Pt OM[w™, m] (Az. OM[w’ z, f x])
= bind/Pt @DMm (m) (A\x. Ggﬂufx(f x))

@E’w/ (weaken (w < w',m)) = OM[w/, weaken (w < w',m)]
= weaken (OVw < OV, OM[w, m])

= weaken (0w < OV, @A?,w m).

In the other direction, a Dijkstra monad morphism (%, 87) € DMon(Dy, pre Ry) is sent
to the morphism of monadic relations (OW, 67) = (@M, W) where ©M is the monad mor-
phism mapping an equivalence class [w,c] € [D; A to OM[w,c] = Wl(@g’w ¢) which is well
defined because ©Y is monotonic and OF is compatible with weaken. The condition (5.4) is
provided by the second component of P,

Checking that ¢ and ) are inverse to each other is straightforward (in an intensional set-
ting, such as Coq, extensionality of functions and products are needed, and we also assumed
uniqueness of propositions).

From this concrete description of the adjunction | - pre, we obtain the explicit formula
for the unit 77 and counit €. Considering respectively a Dijkstra monad (W, D) and a monadic
relation (M, W, R), we have np = (Idw, ng) and e = (5%, Idw) where

ns : DAw — pre(/D) Aw et [(eR)A — MA
c — ([w,d],_) [w, (m,_ )] — m

In the case of e, if R = Ry is the monadic relation associated to a possibly lax monad
morphism, then we have a section (¢}¥)~! mapping m : M 4 to [0(m), (m,_)]. Taking ¢ =
[w, (m,_)] € [(preR) A, we can find w’ € W A such that w <V w’ and w <W §m so we have

c=[w,(m, )] =[0m,(m,_ )] = (%) L mand (e})~! is onto, so ex is invertible.
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For the unit, n5 is clearly onto. It is also one-to-one when weaken is: if ([w, c], ) = n5(c) =
n8(c) = ([w,c],_) for ¢, € DAw and w € W A, then a straightforward induction on the
length of the witness that (w, ¢) ~ (w, ¢') using the fact that W A has upper bounds of pairs of
elements prove that there exists a w’ > w such that weaken(w < w’, ¢) = weaken(w < w', '),
so ¢ = ¢ by injectivity of weaken. O

To summarize, we can construct Dijkstra monads with weakening out of effect observations
and the other way around. Moreover, when starting from an effect observation § : M — W,
then [(pre 6) is equivalent to 6. This result shows that we do not lose anything when moving
from effect observations to Dijkstra monads, and that we can, in practice, use either the effect
observation or the Dijkstra monad presentation, picking the one that is most appropriate for the
task at hand.

5.3 Dijkstra monads as relative monads, connection to graded
monads

In the same way specification monads can be understood as a particular kind of order-enriched
relative monads (see Def. 3.5.2), we explain in this section how Dijkstra monads themselves can
be framed as (order enriched) relative monads. This point of view on Dijkstra monads provide an
interesting bridge to the notion of graded monad (Fujii et al., 2016), another algebraic structure
refining monads with an index, capturing for instance resource usage (cost analysis). The latter
can be used to model type-and-effects system (Katsumata, 2014).

In order to introduce the relative monad presentation of Dijkstra monads, we first reformu-
late Def. 5.1.1 in terms of indexed families. A family indexed by a set A is a function B — A, the
component B, at index a € A being the fiber of this function at a. index a € A being the fiber of
this function at a. A Dijkstra monad D over a specification monad W induces an indexed family
04:DA— WAwhereDA = (w:WA) xD Aw and J4 is the first projection. Then the for
any type A, the return operations of W and D make the diagram on the left commute, whereas
bind" and bind® induce the function on the right:

ret? f bind? f
A—=——-DA A——DB DA—— DB
idl laA idl laB — idl l@B
Az WA A—— W8 WA —— WB
in ’U]f

Taking into account the order on W and the weaken operation, the Dijkstra monad D can be
equivalently described by giving the following data:

>> for each type A, an indexed family 04 : DA — W A between orders such that d4 is
monotonic and its fibers discrete,

> for each type A, a map of indexed families (ret", ret?) : idy — O,

> for each pair of type A, B and map of families f = (wy, f) : ids4 — Op, a monotonic
extension (bindW w 75 bind? f) : &4 — Op also monotonic in f (for the pointwise order
onidsg — 0p),

> satisfying laws analogous to the monadic laws

This reformulation exhibits a Dijkstra monads D over the monad W as a relative monad
where the domain category consists of sets — the type A of returned values — and the codomain
consists of families indexed over a preorder, namely W A. To be more precise, let DiscPosFib be
the full subcategory of Pos™ whose objects are triples (E, B, f : E — B) consisting of ordered
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sets F/, B and a discrete fibration f between them, that is a monotone map f such that for any
by < by and ey € f~1(by) there is a unique e3 > e; with f(e2) = by - in particular the fibers
f~1(b) are discrete for all b € B. Explicitly, the morphisms of DiscPosFib between (E, B, f)
and (E', B', f') is a pair of monotone functions (h%°™ : E — E’, h*®d : B — B’) such that the

following square commutes:

h m
E do EI

fl lf !

The Dijkstra monad D then induces a functor 77 with a monad structure relative to the base
functor 7'9, all these objects being enriched over Pos (in the terminology of chapter 3, we are
working inside the framed bicategory Pos-Distr).

7id . Set — DiscPosFib 7D Set — DiscPosFib
1A — (ida:A— A 1A — (m:(w: WA xDAw— W A)

Moreover this presentation of D as relative monad can be closely related to the relative
monad structure on W (since it is a specification monad). Consider the projection functor
cod : DiscPosFib — Pos sending a family (F, B, f) to a its indexing base B. Together with
the identity functor on Set, it fits into a morphism of base functor (Idge;, cod) : J id _, Dige
(illustrated on the left) and the identity natural transformation is a relative monad morphism
from FP to W over (Idges, cod).

Jid . . FD . .
Set —=—— DiscPosFib Set ——— DiscPosFib
Idl Jcod Idl Jcod (5 -5 )
Set —Discy ppg Set — Wy Pos

Taking inspiration from (Katsumata, 2005, 2013) where the case of monads is studied, we say
that 7P is a lifting of the relative monad W along (Idg., cod) : J'9 — Disc to mean that F?
is a J'9-relative monad such that the identity is a relative monad morphism over (Idg.;, cod) to
W.

Lemma 5.3.1. A Dijkstra monad D over a specification monad W is equivalent to a relative lifting
of W along (Idset, cod) : J'¢ — Disc.

Proof. The previous discussion shows that a Dijkstra monad D indeed defines a suitable relative
monad FP.

Conversely, given a lifting 7 of W along (Idge¢, cod), we reconstruct a Dijkstra monad D7
over W by the formula D¥ A (w : W A) = f~!(w) where F(A) = (E,B,f : E — B) and
B = W A by the lifting condition. The return and bind operations on D7 are provided by the
relative monad structure on F, using the lifting condition to show that they have the correct
type, while the weaken operation is derived from the fact that f above is a fibration. O

5.3.1 Graded monads

In this section, we present graded monads that were studied in (Fujii et al., 2016). Dijkstra monads
and graded monads share a reasonable amount of similarities:

> both structure are indexed by an object equipped with a monoid structure, specification
monads for the former, monoidal categories for the latter;

> effect observations were originally introduced in (Katsumata, 2013) in order to build graded
monad, and section 5.2 shows that they can be used as well for Dijkstra monads.
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In order to compare the two structures, we restrict ourselves to the simple case of a monad
on sets graded by a monoid.

Definition 5.3.1. A graded monad on Set graded by a monoid (M, *, e) is a lax-monoidal functor
4G : M — [Set, Set|, that is:

> Foreachm : M and set A, a set’d Am
D> For eachm : M, sets A, B and function f : A — B a functorial action’d Am — 4 Bm
D> For each set A, a unit A — ¢ A e natural in A

> Foreachmi, mo : M and set A, a multiplication 9 (4 Amy) me — 4 A (mq *ms) natural
inA
> satisfying laws analogous to the monoid laws

We wish to understand better the connection between the two indexed algebraic structure
and to that end, we reformulate graded monads in terms of indexed families. As usual, the func-
torial action and multiplication can alternatively be reformulated in terms of Kleisli extension:
for each m : M, set A, B and function A — ¢ B m, an extension ¥ Am' — 4 B (m xm'). We
obtain the following presentation of a graded monad ¢ graded by a monoid M.

>> For each set A, an indexed family 74 : ¥ A — M

> For each set A, a map of indexed families (e,ret?) : 14 — 74

A=t gy

g ]

1—=- M

t> For each sets A, B and map of families (1, f) : !4 — 7, an extension (m % —, bind? f) :

TA — TB
A-1 4B 94" g p
S
15 M M2 M

This reformulation makes it clear that we can see a monad ¢ graded by a monoid M as a
functor ¥ : Set — Set™ equipped with a monad structure relative to the functor [7':

7' Set — Set™ 7. Set — Set™
1A — (lxa:A—-1) 14 — (m:(m:M)xGAm — M)

Moreover, this J'-relative monad structure on F¥ lifts the monoid structure on M (that can
alternatively seen as a monad relative to 1 : 1 — Set) through the morphism of base functors
(Iset,cod) + T ' 5 1, where we write lg.; : Set — 1 for the unique functor to the terminal
category and 1 : 1 — Set for the functor picking a terminal object in Set.

Set — 7y Set Set —F2  Set~
!SetJ lcod ! getl lcod (5.6)
11— 1 Set 1 — M Get

This analysis of graded monads shows that they admit a similar formal presentation in terms
of lifting of relative monad structure as Dijkstra monads do (see diagrams 5.5 and 5.6). Since
both kinds of algebraic structure are useful for verification purposes, and they do not seem to
reduce to each other, it would be interesting as future work to investigate further the common
structure provided by relative monad liftings.
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5.4 Conclusion & Related work

The work presented in this section directly builds on prior work on Dijkstra monads in F* (Swamy
et al., 2013, 2016), in particular the DM4Free approach (Ahman et al., 2017). Our investigation of
Dijkstra monad was primarily motivated by syntactic conditions required in the DM4Free ap-
proach that were at the time quite obscure, and prevented us from obtaining Dijkstra monads
for some effects, e.g., IO. The construction of section 5.2 together with those of chapter 4 shed
some light on these awkward restrictions: the Dijkstra monads derivable with DM4Free are those
obtained from effect observations with shape

T(retV™) : T(1d) — T(WPue)

Pur . . .
tW 1 1d = WPU® the canonical monad morphism

where 7 is a monad transformer and re
from the identity monad.

Katsumata (2014) uses graded monads to give semantics to type-and-effect systems, intro-
duces effect observations as monad morphisms, and constructs graded monads out of effect
observations by restricting the specification monads to their value at 1. We extend his con-
struction to Dijkstra monads, showing that they are equivalent to effect observations, and unify
Katsumata’s two notions of algebraic operation. We sketched a common framework for graded
monads and Dijkstra monad but further investigation of such indexed structure obtained by lift-
ing a relative monad remains to be done. In particular, generic lifting methods for monads such
as the monadic T T-lifting (Katsumata, 2013) or the codensity lifting (Katsumata et al., 2018) may
also extend to the case of relative monads.

Dijkstra monads & monotonicity A long line of work in F* uses monotonicity to alleviate
the proof effort in protocols and state intensive programs. The soundness of these reasoning
principles rely on some abstraction properties: intuitively state can only be used linearly, so
restricting the state updates to be monotonic with respect to a choosen order implies that any
monotonic predicate witnessed at some program point will necessarily hold at any later point,
independently of the actual state. Ahman et al. (2018) explain how it combines swiftly with the
abstract approach to computations provided by Dijkstra monads. A general account of these
monotonicity arguments for arbitrary effects, for instance for 10, is left for future work.

Dijkstra monads as displayed algebras Kaposi and Kovéacs (2019) propose a framework to
define expressive signatures and to associate to each signature ¥ a category with families con-
sisting of 3-algebras, 3-algebra homomorphisms and displayed 3 -algebras. These signature can
be used to capture the notion of Dijkstra monad (but for the order) in a concise way: Dijkstra
monads arise as display algebras of a signature >"*°". Concretely, Kovacs proposed (in private
communication) the following signature ¥™°" to capture Dijkstra monads:

M : Set=>U,
ret : (A:Set)=>A=EI(MA),
()7 (AB : Set) = (TIyM B) = M A = EI(M A),
bind-ret (A:Set)=(m:MA)=1d (MA) (ret! m) m,
ret-bind . (AB:Set)(z:A)=(f:TIu,MB) = Id (M B) (ff (ret 2)) (f 2),
(ABC:8Set)=(m:MA)(f:II4aMB)(g : lIpMC)
= 1d (MC) (¢ (fT'm)) (Az. g"(f2))T m)

Here II is the constructor for infinitary (A-indexed for any Set A) products. Taking models of
this signature in the CwF of sets and families gives monads on Set, and unary logical predicate
gives the notion of Dijkstra monad without weakening. In this simplified setting, the equivalence
between Dijkstra monads and monad morphisms is then a consequence of the CwF structure. An
extension of this framework to the ordered setting might provide a simpler and abstract variant
of the proof in section 5.2.

bind-assoc






Chapter 6

Relational reasoning

«- Ca n’est pas une question scientifique...

- Moi, je vais te questionner Einstein, et si tu ne peux
répondre, tout s’éteindra !!

[...] Quel est mon nom ?

Et comme il ne pouvait répondre, tout bascula dans le néant.»

F’'murr, Le Génie des alpages n°5, les intondables

This chapter is dedicated to relational reasoning, i.e., proving relational properties between
multiple runs of one or more programs, such as noninterference or program equivalence(see sec-
tion 1.3). Our goal is to distill the generic relational reasoning principles that work for arbitrary
monadic effects so that we can reconstruct relational program logics in a generic fashion. Reusing
our knowledge from the unary setting, we devise relational variants of specification monads and
effect observations providing the semantics of relational judgements.

6.1 The logic of relational rules

In this section, we make the simple but useful observation that rules of relational programs logics
can be organised in 3 categories depending on their relationship to effects and then provide a
high-level idea of how it leads to our generic relational framework. Exceptional control flows are
surprisingly challenging in the relational setting, and we need the full power of our framework
to account for them (see section 6.3). However a much simpler system already account for many
effects and we use it to provide a smoother approach in section 6.2.

6.1.1 Syntactic rules

To factor out the fully generic parts, the rules of the relational program logics derived in our
framework are divided into three categories, following the syntactic shape of the monadic pro-
grams on which their operate:

R1 rules for pure language constructs, derived from the ambient dependent type theory (these
rules target the elimination constructs for positive types, like if-then-else for booleans,
recursors for inductive types, etc.);

R2 rules for the generic monadic constructs return and bind; and

R3 rules for effect-specific operations (e.g., get and put for the state monad, or throw and catch
for the exception monad).

91
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This organization allows us to clearly separate not only the generic parts (R1&R2) from the
effect-specific ones (R3), but also the effect-irrelevant parts (R1) from the effect-relevant ones
(R2&R3).

In its simplest form (section 6.2), the judgment of the relational program logics of our frame-
work has the shape: - ¢; ~ ¢o { w }, where ¢; : M; A; is a computation in monad M; producing
results of type Ay, where cg : My As is a computation in monad My producing results of type
Ajg, and where w is a relational specification of computations ¢; and ¢y drawn from the type
W, (A1, A2). Here M; and My are two arbitrary and potentially distinct computation monads
(e.g., the state monad St A = S — A x S and the exception monad Exc A = A + FE), while w
could, for instance, be a pair of a relational precondition and a relational postcondition, or a rela-
tional predicate transformer—below we will use relational weakest preconditions. For instance,
for relating two stateful monads on states S; and S, we often use relational specifications drawn
from

WSt(Al,AQ) = ((Al X Sl) X (A2 X SQ) — P) — Sl X SQ —P

rel

which are predicate transformers mapping postconditions relating two pairs of a result value and
a final state to a precondition relating two initial states (here P stands for the type of propositions
of our ambient dependent type theory). As an example of the judgment above, consider the
programs ¢; = bind®* (get () (\x. put (x + k)), which increments the content of a memory cell,
and ¢y = ret®! (), which does nothing. These two programs are related by the specification
w = A (s1,89). ¢ (((),51+k), (), 52)) : W3(1, 1) saying that for the postcondition ¢ to hold
for the final states of ¢ and ¢, it is enough for it to hold for s; + k and s, where s are s are the
computation’s initial states. Note that since cj, c2, and w are terms of our ambient type theory,
free variables (like k) are handled directly by the type theory which save the simple judgment
from an explicit context.

For pure language constructs R1, we try to use the reasoning principles of our ambient de-
pendent type theory as directly as possible. For instance, our framework (again in its simplest
incarnation from section 6.2) provides the following rule for the if-then-else construct:

if bthen F ¢c1 ~ ¢ {wT} else Fc1 ~ ¢y {wJ‘}

Fep~ceo { if bthenw' else wr }

In order to prove that c; and cy satisfy the relational specification ifbthenwT elsew |, it is enough
to prove that ¢; and ¢y satisfy both branches of the conditional in a context extended with the
value of b. Interestingly, this rule does not make any assumption on the shape of ¢; and cs.
Relational program logics often classify each rule depending on whether it considers a syntactic
construct that appears on both sides (synchronous), or only on one side (asynchronous). In the
rule above, taking c; to be of the shape if b then ¢/ else ¢{ and ¢, to be independent of b, we can
simplify the premise according to the possible values of b to derive an asynchronous variant of
the rule:

l—clTNCQ{wT} I—chCQ{wL}

if bthen ¢] else ¢ ~ ¢ { ifbthenw' else wr }

(6.1)

By requiring that both commands are conditionals, we can also derive the synchronous rule:
l—cirwc;—{w—r} I—cfwci{wl}

- if by then ¢] else ¢i ~ if by then ¢g else 3 { w® }

(6.2)

where the relational specification w® = Ag s12. (b&b1) A (b<bo) Aifbthenw | o s19elsew o 519
ensures that the booleans b; and by controlling the choice of the branch in each computation
share the same value b.
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For the monadic constructs R2, the challenge is in lifting the binds and returns of the two
computation monads M; and M to the specification level. For instance, in a synchronous rule
one would relate bind™* m; f; to bind™2 my fo by first relating computations m; and mg, say
via relational specification w', and then one would relate the two functions f; and f2 pointwise
via a function w/ mapping arguments in A; x A, to relational specifications:

Fmp~mg {w™} Va17a2'—f1a1Nf2a2{wf(a1,a2)}

F bind™! my fi1~ bind™2 ms fo {blnd rel ™ w! }

(6.3)

In the conclusion of this rule, we need a way to compose w : W, (A1, Ay) and w/ : A; x Ay —
W...(B1, B2) to obtain a relational specification for the two binds. We do this via a bind-like

I

construct:

bindWVel : W

T

a(A1, A2) — (A1 x Az — W, (B1, B2)) = W,y (B, B2) (6.4)

For the concrete case of WS¢, this bind-like construct takes the form

rel »
. WSt om f m / ’ f ro
bind Vel w™ w! = A (51, 82). W™ (A ((a1, s1), (a2, $5)). w! (a1, a2) (s1,S3) ¢) (s1,S2).

This construct is written in continuation passing style: the specification of the continuation
wf maps a postcondition ¢ : (B;xS;)x(ByxS3) — P, to an intermediate postcondition
(A1 xS7)x(A2xS2) — P, then w™ turns it into a precondition for the whole computation.

Asynchronous rules for bind can be derived from the rule above, by taking m1 to be ret™1 ()
or fi to be retM! above and using the monadic laws of M; (and symmetrically for M):

l—retMl()ng{wm} Vagl—clwfgag{wfag}

- ¢1 ~ bind™2 my f {bmd e w™ (A((), az). w as) }

(6.5)

Fei~mo {w™} Vay,az - retMay ~ foag {wf (a1, as2) }

(6.6)
Fe1 ~ bind™2 my fo {blnd rel ™ wf }

Finally, for the effect-specific operations R3, we provide a recipe for writing rules guided by our
framework. For state, we introduce the following asynchronous rules for any a1, as and s:

6.7
Fget () ~ retas { Weeyl } Freta; ~ get() { Wgetr } (6.7)

F put s ~ retas { Wyl } Freta; ~ puts { Wputr } (©8)
where wyept = Ap (81,82). ¢ ((51,81), (az, 82)), Wgetr = A (1, 82). ¢ ((a1,51), (52, 82)),
Wourt = AP (51,52). ¢ (((); ), (a2, 52)) and wpusr = Ap (s1,2). ¢ ((a1,51), ((), 5)). Each of
these rules describes at the specification level the action of a basic stateful operation (get, put)
from either the left or the right computations, namely returning the current state for get or
updating it for put. From these rules, we can derive two synchronous rules:

Fget () ~get () { Weget } I put s ~ put s’ { Wput }

where wget = Ap 51 52. ¢ ((51,51), (52,52)) and wpee = Ap 51 52. @ (((),5),((), s")). These
rules can be derived from the rule for bind s, since by the monadic equations we can replace
for instance - get () ~ get () { wget } by the following derivation

Fret() ~get() { Wgetl } Vu:1l s9:5 Fgetu~ retso { Wegetr }

+ bindSts1 (ret () get ~ bind>'s2 (get ()) retStse { bind ™ relw ot (A(u, 52). wgetr) }

S
where the last specification reduces to wget using the definition of bind Vel .
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6.1.2 Simple semantics

To define a semantics for the I judgment above, we make the important observation that W, (A1, Asg)
is a relative monad (see chapter 3) over the product (A1, As) — Ay x Ay, as illustrated by the
type of bind "l above (6.4), where the continuation specification is passed a pair of results from

the first specification. Similarly, we generalize monad morphisms to relative monads and ob-
serve that a relative monad morphism 6, : My A1 x My Ay — W_,(A41, A2) can immediately
give us a semantics for the judgment above:

'Zarel €1~ C2 {’UJ} = Grel(clv 62) S w,

by asking that the specification obtained by 6, is more precise than the user-provided specifi-
cation w. In the case of state, 05t (cy, ca) = Ay (s1,82). ¢ (c1 81,¢2 82) simply runs the two

rel

computations and passes the results to the postcondition. If we unfold this, and the definition of
) WSt /
w <Ml w =V sy 2. wep(s1,82) = w (s, 82), (6.9)

we obtain the standard semantics of a relational program logic for stateful computations (but
without other side-effects):

|=9rsetl g~ {w} =VYpsyse. we(sy,s2) = ¢(c181,c282)

Another important point is that the relational effect observation can help us in deriving
simple effect-specific rules, such as the ones for get (6.7) and put (6.8) above. For deriving such
rules, one first has to choose ¢; and ¢y (and we hope that the product programs of section 6.4
can provide guidance on this in the future) and then one can simply compute the specification
using ¢. For instance, Wyt = Ap (s1,52). ¢ ((51,51), (a2, s2)) in the first get rule (6.7) really is
just O(get (), ret az). This idea is further discussed in subsection 6.2.5.

6.1.3 Exceptions, and why the simple semantics is not enough

While the simple construction we described so far works well for state, it does not work for
exceptions. For relating computations that can raise exceptions, we often need to use expressive
specifications that can tell whether an exception was raised or not in each of the computations.
For instance, such relational specifications could be drawn from:

WEXC(A) Ay) = ((A1 4+ E1) x (Ay 4+ Ey) — P) — P.

rel

X¢(Aq, A2) maps an exception-aware postcondition ¢ : (A +
E) x (A2 + E3) — P to a precondition, which is just a proposition in P. However, more work is
needed to obtain a compositional proof system. Indeed, suppose we have derivations for - m; ~
mo { w™ }andVay, ag, b fra1 ~ foao { wf (ay,a9) } with specifications w™, wf drawn from
VVIEIXC. In order to build a composite proof relating ¢; = bind®™m, f1 and ¢y = bind™my fo
we need to be able to compose w™ and w/ in some way. If w™ ensures that m; and ms terminate
both normally returning values, or throw an exception at the same time, we can compose with
w? or pass the exception to the final postcondition. Otherwise, a computation, say 71, returns
a value and the other, my, raises an exception. In this situation, the specification relating c¢; and
co needs a specification for the continuation f; of mj, but this cannot be extracted out of w!

alone. In terms of the constructs of WEX¢, this failure is an obstruction to complete the following
Exc
tentative definition of bind“rel :

let b:i.n('ivvlf]:lxc W (U}f A X Ay — (((Bl + El) X (B2 + EQ)) — P) — P) ((p : (Bl + El) X (BQ + EQ) — P) =
Wy, (AT : (A1 + E1) X (Ag + Eg).
match x with
|Inl a1, Inl ap — wy a1 ag @
| Inr ey, Inr eg — @ (Inr eq, Inr e3)
|_—7?7?)

A predicate transformer w : WEx¢
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Our solution is to pass in two independent unary (i.e., non-relational) specifications for the con-
tinuations f; and f> as additional arguments for bind:

let bindVel 1w, (wy, : Ay — (B + E1) = P) = P) (wy, : Ay — ((By + E2) = P) > P)wy ¢ =
Wiy, (A : (A1 + Eq) X (Ag + E9).
match x with

|Inl a1, Inr ex = wy, a1 (Abe. ¢ be (Inr e3))
| Inr eq, Inl ay — wy, as (Abe. ¢ (Inr eq) be) )

The first new case corresponds to when my terminated with an exception whereas m; returned
a value normally. In this situation, we use the unary specification wy, to further evaluate the
first computation, independently of the second one, which already terminated. It turns out that
this bind"Vel operation can still be used to define a relative monad, but in a more complex
relational setting that we introduce in section 6.3. As a consequence of moving to this more
complex setting our relational judgment needs to also keep track of unary specifications, and its
semantics also becomes more complex. We tame this complexity by working this out internally
to a relational dependent type theory (Tonelli, 2013). In practice we can still implement this
relational dependent type theory inside our ambient type theory, in our case Coq, and continue
using the same tools for verification.

6.2 Simplified Framework

In this section we introduce a simple framework for relational reasoning about monadic pro-
grams based on (1) relational specification monads, capturing relations between monadic pro-
grams, and (2) relational effect observations, lifting a pair of computations to their specification.
By instantiating this framework with specific effects, we show how the specific rules of previous
relational program logics can be recovered in a principled way.

6.2.1 Specifications as (relative) monads #¢

We extend the important idea from section 2.3 of giving the same algebraic footing to both com-
putations and specifications.

Moving to the relational setting, a relational specification for a pair of stateful computations
c1 @ Stg, Ay and ¢ : Stg, Ao consist of a predicate transformer w mapping postconditions
relating 2 pairs of a result value and a final state to a precondition relating 2 initial states, i.e.,

W3 (AL, Ag) = ((A1 x S1) X (A3 x S3) = P) = 81 x Sy — P. (6.10)

rel

W5t does not posse the monad structure present on its unary variant. To begin with it is not even

an endofunctor: it takes two types as input and produces one. However, the monadic operations
of the unary variant do extend to the relational setting

St
let ret WVl (a1,a2):A1 X Ay : WSH(A,As) = Ap (s1, $2)- @ ((a1,51), (a2,82))

rel

let bind"rel (wm : WSH(A1,4,)) (fA; x Ay — WSH(B,,By)) : WEH(By,By) =

rel rel
Ap (s1,82). wm (A ((a1,817).(a2,82")). wf (a1, a2) ¢ (s17,527))

These operations satisfy equations analogs to the monadic ones and are part of a relative monad
structure in the sense of Altenkirch et al. (2015) (see also chapter 3). The relational specifications
for state WS are also naturally ordered by <Wae (see (6.9)) and this ordering is compatible with
the relative monad structure, as long as we restrict our attention to monotonic predicate trans-
formers, a condition that we will assume from now on for all monads on predicate transformer.
We call such monad-like structure equipped with a compatible ordering a simple relational spec-
ification monad.
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Definition 6.2.1. A simple relational specification monad consist of
> for each pair of types (A1, As), a type W, (A1, Ag) equipped with a preorder <“'rel
> an operation ret"rel : Ay x Ay — W (A1, Ap)

I> an operation bind"rl : W,_ (A1, Ay) — (A1 x Ay — W (B1,Bs)) — W, (B, By)

rel

monotonic in both arguments
D> satisfying the 3 following equations

bind Vel (retwrel (a1, a2)) wf = wf (a1, a2) bind Vel w™ retVr = w™

bind"rel (bind"rl w™ w!) w9 = bind"riw™(Az. bind"re (wf ) wI)

for any ay : Ay,ag @ Ag,wl 0 Ay x Ag— W, (By, Ba),w™ : W, (Aq, Ay), w9 : By x
B2_>Wrel(017 Cg)

A simple way to produce various examples of simple relational specification monads besides
W5t is to start from a (non-relational) specification monad W, and to compose it with the func-
tion (Aj, Az) — A x Ag. A result of Altenkirch et al. (2015) (prop. 2.3.(1)) then ensures that
W (A1, A2) = W(A; x Ag) is a simple relational specification monad. In the following para-
graphs, we illustrate this construction with a few concrete instances showing the flexibility of
this notion. Depending on the property we want to verify, we can pick simpler or more sophisti-
cated relational specification monads among these. For instance, relational specification monads
based on pre-/postconditions make the connection to relational program logics in the literature

more evident.

Backward predicate transformer A stateless version of W>! is the predicate transformer

WEhWe(A;, Ay) = (A] x Ay - P) - P

rel

equipped with monadic operations and order derived from the monotonic continuation monad.
We call this simple relational specification monad Pure because it naturally applies to the rela-
tional verification of pure code, however it can also be useful to verify effectful code as we will
see for nondeterministic computations in subsection 6.2.5.

Pre-/postconditions Specifications written in terms of pre-/postconditions are simpler to un-
derstand than their predicate transformer equivalents. We show that relational specifications
written as pre-/postcondition also from a relational specification monads. The type constructor

PPPure(Al, Ag) =P x (Al X AQ — P)

rel

models a pair consisting of a precondition in P and a postcondition, that is a relation on final
values of two computations. There is a natural ordering between such pairs, namely

preqg = pre; A

req, post <PPri Teqy, POSt <
(prey, post,) < (pres, posts) V(ay : Ay)(ag : A2).post, (a1, as)=posty(ay,az).

The monadic structure is given by

ure

let retppril (a1, a2)=(T, Mar’,a2)).a1=a;’ Nazs=a2’)
let bind" Pl (pre, post) f=

let pre’ = pre AVay, as . post (a1, az) = w1 (f (a1, a2)) in

let post’ (b1, be) = day, as . post (a1, as) A wa (f(a1, a2)) (b1, b2) in

(pre’, post’)
The return operation results in a trivial precondition and a postcondition holding exactly for the

Pure

given arguments, whereas bind ' rel strengthens the precondition of its first argument so that
the postcondition of the first computation entails the precondition of the continuation.
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Stateful pre-/postconditions Continuing on pre-/postconditions, we consider a stateful vari-
ant of PPLUe:

rel

PPSt(Al,AQ) = (Sl X SQ — P) X ((Sl X Al X Sl> X (S2 X A2 X SQ) — P)

rel

These are pairs, where the first component consists of a precondition on a pair of initial states,
one for each sides, while the second component is a postcondition formed by a relation on triples
of an initial state, a final value and a final state.

The simple relational monadic specification structure is similar to the one of PPL"", thread-

ing in the state where necessary, and specifying that the initial state does not change for return:

S . . . .
let retPre (a1,02) = (A (s1,82) - T, A((s}, a1’ s{c)(sz1 as’, sg)) .ap=ai’ Nag=a2’ ANsy= s{ A sh = sg

There is a natural embedding of stateful pre-/postconditions (pre, post) : PPSY( A}, Ay) into
stateful backward predicate transformers W5f( A1, Ay) given by

Ap (s1,55). pre(sy, s5) A
vala az, S{a Sg'pOSt ((silv at, 5{)7 (837 az, 55)) =
¢ ((ar,s]), (a2, 85)) : WAy, Ao).

Errorful backward predicate transformer If exceptions turn out to be complex in general,
a coarse approach is still possible using the simple relational monad

WET (A1, Ay) = (A1 x Ay +1) = P) = P. (6.11)

rel

This construction represents a predicate transformer that works on either successful computa-
tions, or on an indication that at least one of the computations threw an exception, but losing
the information of which of the two sides raised the exception. We can actually show that, under
mild assumptions, any simple relational specification monad accounting for exceptions cannot
distinguish the three situations where the left, the right, or both programs are raising exceptions.
Intuitively, this is due to the fact that the two programs are supposed to run independently but
the simple relational specification monad impose some amount of synchronization. We return to
WEX¢ and solve this problem in section 6.3, while previous relational program logics have gen-
erally been stuck with weak specification monads in the style of WE™ (A, Ay) above (Barthe
et al.,, 2016).

6.2.2 Relational semantics from effect observations @

The relational judgment - ¢; ~ ¢o { w } should assert that monadic computations ¢; : M; A;
and ¢ : MyAj satisfy a relational specification w : W, (A;, A2) drawn from a simple rela-
tional specification monad. What does satisfaction mean in our monadic framework? Certainly
it requires a specific connection between the computational monads M, My and the simple rela-
tional specification monad W,. Following the idea of the unary effect observations (section 2.4),
we introduce relational effect observations, families of functions respecting the monadic struc-
ture, defined here from first principles, but that can be easily seen to be an instance of a relative
monad morphism (section 3.2).

Definition 6.2.2. A simple relational effect observation 8, from computational monads M1, Ma
to a simple relational specification monad W, is given by

> for each pair of types A1, Aa a function 0, : M1 Ay x Mgy Ag — W (A1, As)
> such that

0,1 ('r‘etM1 ar, ret™? as) = ret "Vl (a1, a2)

Qrel (bzndMl mi f17 bll'nsz ma f2) = b'[;ndwrel (erel (mh m2)) (erel o (f17 fQ))
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As explained in the introduction, for stateful computations a simple relational effect obser-
vation targeting WS! runs the two computations and passes the results to the postcondition:

HrSef(cl, c2) = A (s1,82). (1 81,02 82). (6.12)

A more interesting situation happens when interpreting nondeterministic computations (c1, c2) :
NDet A1 x NDet A, into the relational specification monad WE"™¢( A1, As). Two natural simple
relational effect observations are given by

Qil(cl,@) = \p. Yaj € ¢1,az3 € ca. p(ay,az), (6.13)
9?51(61,02) = \p. Jaj € ¢1,az2 € ca. p(ay,az). (6.14)

The first one Y, prescribes that all possible results from the left and right computations have to
satisfy the relational specification, corresponding to a demonic interpretation of nondetermin-
ism, whereas the angelic 67, requires at least one final value on each sides to satisfy the relation.

These examples are instances of the following theorem, which allows to lift unary effect
observations to simple relational effect observations. To state it, we first recall that two compu-

tations ¢; : M Ay and ¢ : M Ay commute (Bowler et al., 2013; Fithrmann, 2002) when
bind™ ¢; (/\al. bind™ ¢, (/\ag. retM(al, ag))) =bindM ¢, ()\ag. bind™ ¢ (/\al. retM(al, ag))) .
The intuition is that executing c¢; and then c; is the same as executing ¢z and then c;.

Theorem 6.2.1. Let 01 : My — W and 03 : My — W be unary effect observations, where
M; and Mg are computational monads and W is a (unary) specification monad. We denote with
W (A1, A2) = W (A1 x Ay) the simple relational specification monad derived from W (see subsec-

tion 6.2.1). If for all ¢1 : My Ay and co : My Ag, we have that 61(c1) and 02(c2) commute, then the
following function 6, : My Ay x Mg Ay — W, (A1, A2) is a simple relational effect observation

0,(c1,c2) = bind" 01(c1) ()\al. bind" 02 (c2) ()\ag. retw(al,ag))) .

In general, given a simple relational effect observation 6, : My, Mo — W_,, we define the

rel>
semantic relational judgment by

Fo ci~er {w}y = b(er,co) <MVl w, (6.15)

rel

where we make use of the preorder given by W_,. The following 3 subsections explain how
to derive rules for a relational logic parameterized by the computational monads My, Ma, the

simple relational specification monad W,,;, and the simple relational effect observation 6.

6.2.3 Pure relational rules =

We start with rules coming from the ambient dependent type theory. Even though the semantics
of the relational judgment depends on the choice of an effect observation, the soundness of basic
pure rules introduced in Figure 6.1 is independent from both the computational monads and
effects observation. Indeed, the proof of soundness of these follows from applying the adequate
dependent eliminator coming from the type theory.

These rules can then be tailored as explained in the introduction to derive asynchronous (6.1)
or synchronous (6.2) rules more suited for applications. For some of the derived rules, there is,
however, an additional requirement on the simple relational specification monad, so that we can
strengthen preconditions.

Most of the examples of specification monads we work with actually provide enough struc-
ture to strengthen preconditions. An adequate extension of specification monads to provide such
strengthening operations and solve this shortcoming also relevant in the unary setting is left as
future work.



6.2. SIMPLIFIED FRAMEWORK 99

ifbthen Fc¢1 ~ ¢o {wT} else -1 ~ ¢ {wL}

B-ELim 0-Ermd! w< 1
l—clr\»CQ{ifbtheanelsewl} UM Fep~ey {w)
n:N w = elim wy Wy Fc1]0/n] ~ e2[0/n] {wo }
NLE Vn:N,Fep~ca {wn} = FcalSn/n|~cSn/n] {wsue (wn)}
-ELim
Fep~ey {wn}
Figure 6.1: Pure relational rules
CL1:A1 a2:A2 l—ClNCQ{’w} QUS’U)/
ReT N N W WEAKEN ,
Fret'la; ~ ret 2ag{ret (al,ag)} l—01~02{w}
Fmy~ma {w™} Val,GQFflcthﬂZz{wf(ah@)}
BinD

F bind™ my f1 ~ bind™? ms fo { bind Vel ™ w! }

Figure 6.2: Generic monadic rules in the simple framework

6.2.4 Generic monadic rules @

Given any computational monads M;, My and a simple relational specification monad W,,, we
introduce three rules governing the monadic part of a relational program logic (Figure 6.2). Each
of these rules straightforwardly corresponds to a specific aspect of the simple relational specifi-
cation monad and are all synchronous. As explained in the introduction (6.5), it is then possible

to derive asynchronous variants using the monadic laws of the computational monads.

Theorem 6.2.2 (Soundness of generic monadic rules). The relational rules in Figure 6.2 are sound
with respect to any relational effect observation 0., that ist= c¢; ~ co {w } = V0,4, Fo

co {w}.

Proof. For rules RET and BIND, we need to prove that 9rel(retM1 ar,retM2ay) < retWV(ay, az)
and 6, (bind™ m; f1,bind™2 my fo) < bindW (0, (M1, m2)) (Brao(f1, f2)), which both hold
by the relational effect observation laws and reflexivity. For WEAKEN, we need to show that
0.a1(c1,c2) < w' under the assumptions that 0,(c1,c2) < w and w < w' so we conclude by
transitivity. O

rel €L~

We note that the soundness proof would still be valid if we were to weaken the relational
effect observation laws to inequalities. A few examples for such lax relational effect observation
appears naturally, for instance in order to deal with variants of relational partial correctness,
but we will not consider these in this paper. We further discuss this in the future work section
(section 6.5).

6.2.5 Effect-specific rules

The generic monadic rules together with the rules coming from the ambient type theory allow to
derive relational judgments for the main structure of the programs. However, these rules are not

? Assuming that W, contains a top element 1 that entails falsity of the precondition; this is the case for all our
examples.
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enough to handle full programs written in the computational monads M; and Mj, as we need
rules to reason about the specific effectful operations that these monads provide. The soundness
of effect specific relational rules is established with respect to a particular choice of relational
effect observation 6, : M1, My — W_,. Consequently, we make essential use of 0, to introduce
effect specific rules. The recipe was already illustrated for state in the introduction: first pick a
pair of effectful algebraic operations (or ret for the asynchronous rules), unfold their definition,
and then compute a sound-by-design relational specification for this pair by simply applying 0..;.
By following this recipe, we are decoupling the problem of choosing the computations on which
these rules operate (e.g., synchronous vs. asynchronous rules to which we return in section 6.4)
from the problem of choosing sensible specifications, which is captured in the choice of 6.
Non-deterministic computations The two relational effect observations 6, and 6, provide
different relational rules for the operation pick. As an example of how the recipe works, suppose
that we want to come up with an asymmetric rule for non-deterministic computations that works
on the left program, and which is sound with respect to §7,. This means that the conclusion will
be of the form - pick ~ retas {w } for some w : PPY"e. To obtain w, we apply the effect
observation to the computations involved in the rule

w =67

rel

(pick,retas) = A\p. Vb € {true, false},a € {az}.¢(b,a),

obtaining thus a rule which is trivially sound:

DEMONICLEFT
Fpick ~retas { Ap. p(true,a2) A p(false,ag) } .

Following the same approach, we can come up with an asymmetric rule on the right as well as
a symmetric one. For concreteness, we show the symmetric rule for the effect observation Hil:

ANGELIC

. . ¢(true,true) V p(true,false) V
" pick ~pick { Ap- ©(false, true) V p(false, false)

Exceptions using W™ Taking M; and Mj to be exception monads on exception sets 1 and
FEs, and the relational specification monad W™ (Equation 6.11 on page 97), we have an effect
observation interpreting any thrown exception as a unique erroneous termination situation, that
is

let O Err((c1, c2) : Exc A1 XExc Ag) : WrelErr (A1,Az) =

Ap.match ¢, co with | Inl a3, Inl ay — ¢ (Inl (a1, a2)) | _, _ — ¢ (Inr ()

Under this interpretation we can show the soundness of the following rules:

THROWL
F throwe; ~ retas { Ap. p(inr()) }

THROWR

F reta; ~ throwes { Ap. ¢(inr()) }

Fep~eg {w} Veleg}—c’f‘elwcg‘eg{w%}

Velagl—c?elwretag{w%} Valegl—retalwcg*eg{w%}

Carcu 8 8
F catchey cf ~ catchea ¢y { Apaw(hag. match agwith Inl a — pa | Inr () — w'™ @) }

The rules THROWL and THROWR can be derived using the recipe above, but the exceptions have
to be conflated to the same exceptional result inr (), a situation that is forced by the choice of
relational effect observation and a weak specification monad. As a consequence, the CATCH rule
has to consider three exceptional cases. The specification for CATcH does not follow mechani-
cally from #E" using our recipe since it is a handler and not an algebraic operation.

rel
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6.3 Generic Framework

While the simple framework works well for a variety of effects, it falls short of providing a
convincing treatment of effects with control such as exceptions or non-termination. This limi-
tation is due to the fact that simple relational specification monads merge tightly together the
specification of two independent computations. We now explain how to overcome these limi-
tations starting with the example of exceptions, and how it leads to working inside a relational
dependent type theory. Informed by the generic constructions on relative monads underlying
the simple setting, we derive notions of relational specification monad and relational effect ob-
servation in this enriched setting. These relational specification monads require an important
amount of operations so we introduce relational specification monad transformers for state and
exceptions, simplifying the task of building complex relational specification monad from simpler
ones.

6.3.1 Exceptional control flow in relational reasoning

We explained in subsection 6.2.5 how to prove relational properties of programs raising excep-
tions, as long as we give up on the knowledge of which program raised an exception at the level
of relational specifications. This restriction prevents us from even stating natural specifications
such as simulations “if the left program raises, so does the right one”.

In order to go beyond this unsatisfying state of affairs, we consider a type of relational spec-
ifications allowing to write specifications consisting of predicate transformers mapping a post-
condition on pairs of either a value or an exceptional final state to a proposition:

WEXC(Al,AQ) = ((Al + El) X (A2 + EQ) — P) — P.

rel

For instance, the specification above can be stated as \p. Vaejaes.(Inr?ae; = Inr?aes) =
o(aey, aez) : WEXC(A1, As), where Inr? ae = match aewith Inr _ — T|_ — L.

As explained in section 6.1, this type does not admit a monadic operation bind w™ w/ using
only a continuation of type w/ : A; x Ay — WE*¢(B}, By) due to the fact that w™ could result
in an intermediate pair consisting of a normal value on one side and an exception on the other
side. Our solution is to provide to bind"rl the missing information it needs in such cases.
To that purpose, we use the unary specification monads W¥*¢A; = (A4; + E;—P)—P and
W€ Ay = (Ag + E2—P)—P to provide independent specifications of each program. With the
addition of these, we can write a function that relies on the unary specifications when the results

of the first computations differ (one raise an exception and the other returns).

val bind el : WEXS(A; Ay) — (A] — WE*® B)) 5 (4, — WEx By)
(A1 x Ay — WE*(By,Bs)) — WEX(B;,B)
let bind"eel wm (i : Ay — ((By + E1) —P) = P) (fo : Ay — (By + E2) —P) —P) f=
My : (By + Ey) — P).
wm (A ae: (A1 + E1) X (A + Eo).
match gewith
|Inl a1,Inl a2 — fal a2y | Inl a1, Inr e; — fi a1 (A be = ¢ be (Inr ey))
| Inr e1, Inr e2 — ¢ (Inr el, Inr e2) | Inr e;, Inl ap — fo as (A be — ¢ (Inr e;) be))

6.3.2 A problem of context

In order to keep track of these unary specifications drawn from W*¢ and W5*¢ in the relational
proofs, we extend the relational judgment to

Fep {wi} ~ co {wa} | wra-

Here, wq : W?XC Aj is a unary specification for ¢; : Exc; Ay, symmetrically wy : W];XCAQ is a
unary specification for ¢y : Exco Ag, and wy : WEXC(Al, As) specifies the relation between the

rel
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programs c; and ca. Using this richer judgment, we would like a rule for sequencing computa-
tions as follows, where a bold variable w stands for the triple (w1, wa, Wy ):

Fomy {w]'} ~ mg {wy'} | wiy Yai,as - f1 a1 {w{ ar} ~ fo ag {wy" as} | wr]; al as

XC xC Exc
- bind™ my f1 {bind™VT w? w!} ~ bind™ my fo {bind"VF Wi wl} | bind Vel W™ wf

What would the semantics of such a relational judgment be? A reasonable answer at first
sight is to state formally the previous intuition in terms of unary and relational effect observa-
tions:

Fop{wi} ~eo{wa} |we = 05 <wp A 05y <wy A OE(c1,c0) < wh

rel

However this naive attempt does not validate the rule for sequential composition above. The
problem lies in the management of context. To prove the soundness of this rule, we have
in particular to show that 3% (bind®™t m; f;) < bindW1i™ wi® w{ under the hypothesis

0 my < w A ... and Vai, az, oW (fra1) < w{ aj A ..., in particular the second hy-

pothesis requires an element ay : As that prevents® us from concluding by monotonicity of
Exc

bindWVi™.

This problematic hypothesis only depends on the part of the context relevant for the left
program and not on the full context, so we introduce structured contexts I' = (I';,I'3) in our
judgments, where I'; and I'y are simple contexts. The judgment I' - ¢; {w1} ~ co {wa} | Wy
now presupposes that I'; = ¢; : M; A;, I's B w; + W; (i = 1,2) and that '], Ty F wyq -
W (A1, A2). The semantics of this judgment is given by

T

V1 i T, 01(eim) < wi,
F'Ec {wui} ~co{w} |wa = V2 : T'g, 02(c2 v2) < wa 2,
V(y1,72) : T'1 x T, Ora(c1 71, c272) < Wra(71,72)
(6.16)

A conceptual understanding of this interpretation that will be useful in the following is to con-
sider I as a (trivial) relation I'" = (I'y, T2, A(71 : T'1) (92 : T'2). 1) instead of a pair and define
the family of relations ©" () = (©1(71), ©2(72), Ora7y) dependent over I'":

O1(m : 1) =b1(cim) S wim, O2(y2 : I'g) = ba(c272) < wa v,
®rel(’7 : F)(wl : 61 Y1, W2 - @2 72) = erel(cl Y1, C2 72) S Wrel7Y -

Then the relational judgment I" F ¢; {w1} ~ ¢2 {wa} | wy can be interpreted as a dependent
function (v : I'") — ©”  in an appropriate relational dependent type theory.

6.3.3 A relational dependent type theory

Adding unary specifications in the relational judgment enables a full treatment of exceptions,
however the pure rules of section subsection 6.2.3 do not deal with a structured context ['" =
(I'1,T2,Te). In order to recover rules dealing with such a context, we apply the same recipe
internally to a relational dependent type theory as described by Tonelli (2013). In practice, this
type theory is described as a syntactic model in the sense of Boulier et al. (2017), that is a transla-
tion from a source type theory to a target type theory that we take to be our ambient type theory,
where a type in the source theory is translated to a pair of types and a relation between them.
We call the resulting source type theory RDTT and describe part of its construction in Figure 6.3,

*Instead of insisting that - c¢1 {w1} ~ c2 {wa} | wye proves the correctness of ¢; and cp with respect to ws
and w2 we could try to presuppose it, however this idea does not fare well since it would require a property akin
of cancellability with respect to bind 87 (bind™ ! m; f1) < bind VI wi® w{ = ¥ m; < w!" that has no
reason to hold in our examples.
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A" B",T" =:=0"|1" |B"|[N" |A"+B" | (a: A")xB"a|(a: A") - B" a
[—] maps a relational type A" to its underlying representation [A"] = (Ao, 41, Ar)
[0"] =(0,0,=) [1"]=(1,1,=) [B"] = (B,B,=) [N"] = (N,N,=)

aby : A1 + By
aby 1 As + By

[A" + B"] = (inlay,inl ag). A a1 as
case (aby,aby) | (inrby,inr by).B by bo

( _, _ ). 0

(al,bl) : (a1 : Al) X Bl ai,
[[(a : Ar) x B" a]] = (CLQ, bg) : (CLQ : Ag) X B2 as,
(ar : AT al ag) X Br al a2 ar bl bg

f1 : (a1 : Al) — By ai,
[[(a : AT) — Br CL]] = f2 : (CL2 : AQ) — Bg ag,
(a1 : Al)(ag : AQ)(a,« : Ar al ag) — B, a1 as a, (fl al) (fQ ag)

Figure 6.3: Syntax of RDTT and translation to base type theory

[elim_sum] : (P : A1 + By — Type) — (Py: As + By — Type) —

P :¥(aby : A1 + Bi)(aby : Ag + Ba), (A" + B"),q aby aby — Type) —
V(ay : A1), Pi (inlay)) — (V(ag : Ag), P2 (inlag)) —

Vay ag (a1 A™ a1 a2), P (inl ay) (inl ag) a.)

V(b1 : By), P1 (inr by)) — (V(b2 : Ba), P> (inr by)) —

Vb1 by (beat = B b1 by), Per (inr b1) (107 bo) bra) —

Vaby aby (aby : (A" 4+ B" ), aby abs), P aby abs ab.y

e N N N N

Figure 6.4: Translation of the eliminator for sums in RDTT

providing the definition of types and omitting the terms and typing judgements. A systematic
construction of RDTT at the semantic level is obtained by considering families of types and
functions indexed by the span (1 + rel — 2), a special case of Kapulkin and Lumsdaine (2018);
Shulman (2014).

Moving from our ambient type theory to RDTT informs us on how to define rules coming
from the type theory. For instance, generalizing the rule for if-then-else, we can use the motive
P(ab: A" + B") = ©"(ab) : Type” on the dependent eliminator for sum type

elim_sum: (P: (A"+B")—Type") = (a: A"—=Pa) = (b: B"»Pb) - (x: A"+B")—>Px

to obtain a rule for case splitting. This eliminator translates to a large term described in Figure 6.4
that induces the following relational rule using w' = (w!, wh, w',), w™ = (w}, wh, w’,) and the

relational specifications of the conclusion — where we abbreviate pattern matching with a case
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construction — as arguments to the eliminator

T,a: A" b ¢i[inl a1 /aby] {wl} ~ co[inl ag/aby] {wh} | wl,[are/abeel]
[,b: B" F ci[inr by /aby] {w]} ~ calinr by/abs] {wh} | w][brel/abie]

I ab: A" + B" - le, {case aby [inl al-wll | inr by.wi]}
¢y {case abs [inl ag.wé | inr by.wh]}

inl ap,inl az.wfel
inr by, inr by.w),

case aby,absy [

As in the simple setting, we can then refine this rule to obtain synchronous or asynchronous
rules specifying a prescribed shape for the programs ¢y, co.

6.3.4 Relational specification monads

Motivated by the case of exceptions, we now define the general notion of a relational specifica-
tion monad. This definition is obtained by instantiating the definitions of an (enriched) relative
monad from chapter 3 to our relational dependent type theory, ensuring that we obtain a the-
ory uniform with the simple setting, and crucially that we can use the same methodology to
introduce relational rules.

What we ought to call a relational specification monad should assign to any pair of types
(A1, Ay), atriple of ordered types (W; A1, WyAs, W (A1, A2)) corresponding respectively to
the type of unary specifications for the left and right programs, together with the type of rela-
tional specifications.

This description would invite us to consider relational specification monad as Pos-enriched
functors Set?> — Pos® with a relative monad structure with respect to the base functor

Ve Set? — Pos?
"1 (A1, A2) —— (Disc Ay, Disc Ay, Disc A1 x Disc Ag)

There is however a small discrepancy: if W is such a [ -relative monad, its value at a pair of types

(A1, Ag) is a triple (W, (A1, A2), W,y (A1, A2), W, (A1, A2)) where the first and second compo-
nent can respectively depend on Az and A, a feature that we do not expect from a relational
specification monad.

A first way to solve this discrepancy would be by enforcing that the first and second projec-
tions come from unary specification monads. If W, W, are two (unary) specification monads,

we can pair these together to define a monad relative to Disc x Disc : Set? — Pos?
W; x W, Set> —  Pos?
Since we have a commuting triangle of (Pos-enriched) functors

Set? AN Pos?

™
Discx Dk l 12
Pos?

we could define a relational specification monad W to be J-relative monad lifting W; x W,
along the functor 9 : Pos® —» Pos>.

We choose to use a second, slightly more convoluted solution, that has the benefit of making
clearer the connection with the relational dependent type theory of the previous section. More-
over, it provides a definition that does not involve any lifting condition, presumably simpler to
implement inside an intensional type theory such as Coq.

Recall the following categorical presentation of relations. If C is a category, the category
Span(C) consists of spans in C, that is diagrams C'1 < C,q—C’ in C, and morphisms of spans, that
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is morphisms (f1, fo, fr1) @ (C14Cra—C2) — (D14=D;q—D32) in C such that the following
diagram commute

Cl Crel 02
f IJ( lf rel lf 2
D 1 D rel D 2

We are concerned with the case C = Pos. Since Span(Pos) is cartesian closed, with internal
hom between A = A< A,—As and B = B4 B,q— B> given by the span

A= B = POS(Al,Bl) (—(A:>B)rel—>P08(A2,B2)

(A = B)rel = (f1 : POS(AI,Bl)) X (fQ : POS(AQ,BQ)) X (frel : POS(ArelaBrel))
X {v(arel : Arel)apl(frel arel) = fl (pl arel) ApQ(frel arel) = f2 (p2 arel)}

we can enrich it over itself, yielding the enrich category Span(Pos). Similarly to the discussion
above, we define an enriched base functor Jx whose definition on a pair of types (A1, Az) is
given by the span

T« (A1, A) = Disc A; <~ Disc A; x Disc Ay = Disc As.

Now, a Jx-relative monad W is almost what we need to interpret relational specifications: it
consists of a mapping from pairs of types (A1, A2) to a spans

Wl(Ala Ag) ~— W

rel

(Al, Ag) — Wz(Al, Ag),

together with return and bind operations satisfying monotonicity conditions. We tame the po-
tential dependency of W, in Ay (respectively W, in A1) thanks to the following theorem.

Theorem 6.3.1. The mapping () from Jx -relative monad to Jx -relative monad sending

W(Al, Ag) = Wl(Al,AQ) —~— W

rel

(Al, AQ) — WQ(Al, Ag)

to

W(Al, Ag) = Wl(Ala 1) ~— W

rel

(Al, Ag) — Wz(l, AQ)
extends to an idempotent monad on the category of Jx -relative monads.

In particular any Jx-relative monad can be canonically completed so that W, and W, re-
spectively depend only on A; or A2 when applied to the pair (A;, As).

Proof. Let W be Jx-relative monad and W Las W, LEN W, its components. The main idea
of the proof is that W, (A1, A2) cannot depend essentially on Ay because of the constraints of
the J-relative monad structure. This is made more formal by the following observation: let

Aq, X5, Ys be sets, then the map

90,141,X2,Y2 = bind}NA1,X2,A1,Y2 (ret\lNA17Y2) € POS(WI (AlaXQ)awl(Alv YZ))a

where we wrote explicitly as subscript the sets at which we instantiate the monadic operations
of W, is an isomorphism. Its inverse is @}41 Y. X, as shown by the following elementary compu-
tation

1 1 s A% %% . A% W
PALL,X2,Ys CPALY2, X0 — bind;’ 4, x5,4;,v5 (retl A1,Y2) obind;’ A;,v5,4;,Xs (retl A1,X2)
. W . W W \W
=Dbind;y A y,,4;,y, (Pindf 4, X541y, (Tet] 4,y;) © (Tety 4, x,))

LW w
=bind) 4, v5.4,.v5 (ret] a,v)

= idwl(AhYz)'
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We note 90?42 X,y € Pos(Wy(X1, Az), Wy(Y1, Ag)) the corresponding isomorphism for W,
With this observation in hand, we define a & -relative monad structure on

W(ALA) = WA, )<—W (A1, A2) 225 W,y(1, Ay)

rel

where p; = @}41 4,1 © D1 and py = g01242 4,1 © 2. The return operation of W is simply the
adequate restriction of W where the triangles on both sides commute by naturality of ret"

A Ay x Ay — 2 Ay

reth — retW2
retW1 ret Wrel ret*2

Wl(Al, W)Wl(Al,AQ) % W (Al,AQ) *> WQ(Al,AQ) W, (LA )W2(1 Ag)

rel

The definition of bind is slightly more involved. We need to define a morphism of span bindV =
(blnd1 ,blndgv, bind) for sets Ay, As, By, Ba

bind" :  Span(Pos)(Jx (A1, As), W(By, B)) — Span(Pos)(W (A1, Ay), W(By, By)).

The components blndYV and bind}’ are provided respectively by the adequate instantiations of

bind)Y :  Pos(A;, Wy(Bi,1)) = Pos(W,(A1,1), W,(Bi,1)) and
bindy : Pos(As, Wy(1, By)) = Pos(Wy(1, Az), Wy(1, By))

In order to define the component b1ndrel on f = (f1, f2, fra) € Span(Pos)(JIx (A1, A;), W(By, By)),
that is morphisms

f1 S POS(Al,Wl(Bl,l)), frel € POS(A1 X Ag,VVrel(Bl,BQ», fg S POS(AQ,Wz(l,BQ)),

we complete where needed with () and define b1nd}g f = bindW (¢£171,B2 o fi, @1%1271131 o

f2, fre1)- The following diagram shows that this indeed define a morphism of spans as required
(we only show it for the first projection, the second projection being symmetric).

A1 — A1 X A2
bindlV fi
bind) f; Pl (P 2.0,001) bind¥ f
/ W}ALLN
W, (41,1) : Wi (A1, A2) <5— Wa(41, A2)
PA;,A9,1

The monadic laws for W are straightforward consequences of the same laws for W. The functo-

rial action of (-) just restricts a Jx -relative monad morphism to the adequate components. The

return operation of () as a monad is the span morphism
(P4, Ao 10 Pgar 1010w (41,45) 1 W(ALA)  —  W(A1, Ay)
while multiplication is the identity, obviously making the monad idempotent. O

This discussion lead us to the following elementary definition of a relational specification
monad.
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Definition 6.3.1. A relational specification monad consist of

> for each pair of types (A1, Az), types W, A1, W, Ay and a relation W,

rel(A17A2) : W1A1 —
Wy Ay — Type between them, each equipped with a preorder <W,

> operations
retV1: A] — W, 4 retWVe i Ay — Wy A,

retWVrl : (a1,a9) : Ajx Ay — W (A1, Ag) (retViar) (ret™V2 ay)

> operations

bind"1: WAy — (A1 — W, By) - W, B,
bind" 2 : Wydy — (Ay — WoBy) — WyBs
bind rel : Wi : WA = wh s Wody — w™ : W, (Ay, Ag) w wh* —
w{ (A1 — W, By) — wg i (A2 — WyBy) —

why (a1, a2) + Ay x A) = Wy(B1, Ba) (wf a1) (w] az)) —

W (B1, By) (bind™ 1w w!) (bind™2w} wl)

rel
monotonic in all arguments
D> satisfying equations analogous to the monadic laws

> as well as monotonic operations 71 : wy : W A1 — W (A1, 1) wy (retV2 () and 73 :
wy : Wods — W (1, Ag) (retWV1 () wo satisfying certain compatibility with the monadic
operations detailed in the discussion below.

If the presence of the operations 7; and 73 can seem surprising, they ensure that we can
construct exception transformers (see subsection 6.3.6). In order to explain what these operations
are, first note that from a J-relative monad W = (W, +W,_—W,), we can derive four unary
specification monads — two for each legs of the span — by combining restrictions of the domain
and projections:

WiA =W,(4,1) WTPA = (w: W(4,1) x W

rel

Wi3A = Wy(1, A) WIA = (w: Wy(1,A4) x W

rel

(A1) w (retW2 0)
(1,A) (retWl () w

There are obvious projections 7! : Wi — W} and 72 : W5’ — Wi that preserves the monadic
structure. We require 77 (resp. 7o) to be induced by a section of 71, in particular it needs to be a
monad morphism.

In most of our examples the relation part of the monad is actually constant, simplifying
further the type of operations to:

retVVTEl Ay X Ay — erel(A17 Az)
bind Vel : W1A1 — W2A2 — VVrel(A17 Ag) —
(Al — WlBl) — (AQ — WQBl) — (Al X A2 — VVrel(Bl,Bg)) — W

rel

(B1, B2)

This happens for our leading example of exceptions, but also for any relational specification
monad constructed out of a simple relational specification monad. Indeed, we can associate to
any simple relational specification monad W, the relational specification monad W (A, A2) =
(W (A1,1), W, (1, A2), Awy wa. W, (A1, Az)). The monadic operations just discard the su-

> ¥Vrel
perfluous arguments and 71, 7 are just identities.
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T W / W / W /
" e {wi} ~ o {wa} [wea  wi <Vt wy  wa <M2wy W <l wyy

" F ey {w)} ~ co {wh} | W

rel

WEAKEN

Fll—CLl:Al FQ"CLQ:AQ

ET
" FretMa {reth ap} ~ ret™M2q, {retw2a2} | retWrel(al,ag)

I'" Fmy {w} ~ ma {wy'} | w™
FT,a AT - f1 al {w{ al} ~ f2 a2 {wén a2} ‘ wf a

bind™! my f1 {bind™1 W w!}

Binp
I bind Vel w™ w?
bind“2 my fo {bind"z wi wl}

Figure 6.5: Generic monadic rules in the full relational setting

6.3.5 Relational effect observations

The adequate notion of morphism between relational specification monad is given by relative
monad morphisms over (Id Set2r I «) : 1d ger2 — Jx (see subsection 3.5.1), that we unravel here
for concreteness.

Definition 6.3.2. Arelational effect observation consists of a triple = (01,02, 0,,) : M1 @My—W
where 01 : My — W, 02 : My — W, are (plain) monad morphisms, and

Qrel . ((ml, TTLQ) . MlAl X M2A2) — Wrel(Ala AQ) (01 ml) (02 TTLQ)
verify the two equations with respect to the monadic operations

G,el(retMl ai, retM2 ag) = ret"Vrl (a1,a2) : W,,(A1, A2) (61 (retM1 ay)) (62 ('r‘etM2 az))

r

erel(bindMlml f17 bindM2m2 f2) = bindwrd (01 ml) (92 m2) (grel mrel) elofl 020f2 grelo(fl X f2)

Given a relational effect observation 6 : M; ® Ms — W, we can define in full generality the
semantics of the relational judgment by the Equation 6.16. We introduce the generic monadic
rules in Figure 6.5, and similarly to the simple setting obtain the following soundness theorem.

Theorem 6.3.2 (Soundness of monadic rules). The relational rules in Figure 6.5 are sound with
respect to any relational effect observation 0, that is

I'"EFep {wi} ~co{we} |wa = VO,T7" Fg ey {wr} ~ co {wa} | we

6.3.6 Relational specification monad transformers

Having a category of relational specification monads, we define a relational specification monad
transformer to be a pointed endofunctor on this category (Liith and Ghani, 2002). We show that
the usual state and exception transformer lifts to this setting, yielding in each case both a left-
variant and a right-variant applying either to the left type A; or right one Ay of a relational
specification monad W(A;, Az). Since the two variants are symmetric, we only detail the left
ones.
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Adding state The usual state monad transformer maps a monad M to the monad StT(M) A =
S — M(A x S). The left relational state monad transformer StT,. maps a relational spec-
ification monad W (A4, A2) = (W, A1, W, Ag, Awy wa. W, (A1, A2) wy we) to the relational

specification monad with carrier
StTrel<W)<A1, AQ) = (StT(Wl) Al, WQAQ, /\w1 w9. (81 : Sl) — Wrel(Al XSl, AQ) (w1 81) UJQ)

The monadic operations on StT,,(W); are given by the usual state transformer. The added
data resides in the ret and bind operations responsible for the relational part:

StT(W)

rel (a1,a2) : (s1: $1) = Wit (A1 X S1,42) (ret ST (a1,51)) (retV2 ap) = Asi. ret Vel ((a,51), a2)

let ret
. StT(W)
let b1ndrel (m1 : StT(W)l Al) (m2 : Wo AQ) (m,el : StT(W)rel (Al,AQ) my mg)
(fl :A1 — StT(W)l Bl) (fg :AQ —>W2 BQ)
(frel : (a1,a2):A1 X Ay — StT(W)yet (B1, B2) (fi a1) (f2 a2))
: StT(W)er (B1,Bz) (bindSt* Tt my £) (bindWVz my f) =
Asi. bindYeel (my s1) mo (mee s1) (A (a1,51°). fi @1 s1) fo (A ((@1,81), @2). feel (a1,a2) 51°)

The operation 71 : wy : StT(W,) A1 — (51 : 1) — W, (A1 x S1, A2) (wy s1) (retW2 () is
given by

StT(W
7 ( )rel

let (wr : StT(W)l Aq)= sy Tl\N (w1 s1)

Adding exceptions In a similar flavor, the exception monad transformer ExcT mapping a
monad M to ExcT(M)A = M(A + E1) gives rise to its relational specification monad counter-
part ExcT,(W) (A1, As) = (ExcT(W;)A1, WyAa, W, (A1 + Eq, A2)). The bind operation is

more involved here, and makes full use of the presence of the unary specifications.

let ret®*T(Wiel (g),a5) : Wye (A1 + Ep, Ag) (xet®*TW1 g1) (retW2 gy) = retWeel (Inl ay, as)

let bind®xTWrel (my : ExcT(W)1 A1) (mg : Wa Ag) (Mgl : ExcT (W)l (A1,A2) my mo)
(fl T Ay —)EXCT(W)l Bl) (fg Ay — Wo Bg)
(frel : (a1,a2):A1 X Ay — ExcT(W)yel (B1, B2) (i a1) (f2 a2))
: ExcT(W)gel (B1,Bg) (bind®™T(W)t my £1) (bind™V2 my f3) =
bindWVrel my my mye (A aer. match ae; with |Inl a3 — f1 a1 | Inr e; —ret™t (Inr e1)) fo
(X aey as . match ae; with
| Inl ay —)ﬁel ay az
| Inr e; — bindWVrel (75 (f2 a2)) (A ((), bo) . retWVrel (Inr ey, by)))

Note the crucial use of the 75 : wa : Wy Az — W, (1, A3) (retW1 ()) wy in the last error branch.

Putting these monad transformer to practice, we can finally define the full relational specifi-
cation monad for exceptions validating the rules in Figure 6.6 by first lifting the simple relational
WZEwe and applying the exception transformers on both left and right sides. Further, applications
would involve specifications relating state and exceptions with rollback state.

6.4 Product programs

The product programs methodology is an approach to prove relational properties that can serve
as an alternative to relational program logics (Barthe et al., 2011, 2016). In this section we show
how to understand this methodology from the point of view of our framework.

Product programs reduce the problem of verifying relational properties on two programs
c1 and ¢y to the problem of verifying properties on a single product program c capturing at the
same time the behaviors of ¢; and . To prove a relational property w on programs ¢; and ca,
the methodology tells us to proceed as follows. First, we construct a product program c of ¢; and
c2. Then, by standard methods, we prove that the program c satisfies the property w seen as a
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Exc

I'" F throwe; {Ag1. 1 (inre;)} ~ ret™ay {retW2EXCa2} | \p. ¢ (inreg, inl as)

I+ ret®™ g {rethlzxcal} ~ throwes {A\pa. p2 (inrea)} | Ap. ¢ (inlay, inreg)

I"F e {w} ~ e {ws} [wa  T"E A" {wi™} ~ " {wi™} | wig”

rel

Fr F catch c cirr {wcatch w1 ’LUTTT} ~ catch o Cgrr {wcatch wo w;rr} | wcatch wrel,werr

rel

let wotet (w: WEXCA) (werr: E— WFXCA) : W A =
Ap. w(A ae. match aewith |Inl a — retV" g @ | Inr e — werr e )

let weat (w:WEXC (A A0)) (werry : By — WEXCLA)) (werry : By — WEXS,A))

rel rel

(werre : Er X Ex = W7¥(A1,Ag)) : W*“(A1,42) =
Ap. w (A (aep, aep). match aep, aes with

| Inl a1, Inl ay — retwr%fC (a1,a2) v

| Inr e1, Inl ag — werry e; (A ae; — ¢ (aeq, Inl as))
| Inl ay, Inr eo — werry e5 (A aes — ¢ (Inl aq, aes))
| Inr e1, Inr eo — wertye) (e1,€2) ©)

Figure 6.6: Rules for exceptions

non-relational property. Finally, from a general argument of soundness, we can conclude that ¢
must hold on ¢; and ¢y. In what follows, we show how these three steps would be understood
in our framework if we wanted to prove Fy ¢; ~ ca {w }.

First of all, we need a notion of product program. In the setting of monadic programs, we
capture a product program of ¢; : M1 A and ¢o : MaAs as a program ¢ : P(A, Ag), where P is
a relative monad over (A1, Ag) — Aj X Az (see section 3.2). We can think of ¢ : P(A4;, A2) asa
single computation that is computing both a value of type A; and a value of type A3 at the same
time. We expect P to support the effects from both M; and My, mixing them in a controlled
way. As a concrete example, we can define products of stateful programs - M; A; = Stg, A;
and MyAy = Stg, Ay — inhabiting the relative monad PSt(Al,Ag) = Stg, xs, (A1 x Ag). To
complete the definition of product programs, we also need to explain when a concrete product
program ¢ : P(Aj, A) is capturing the behavior of ¢; : M1 A; and ¢a : MaAs. We propose
to capture this in a relation ¢y Xca~>c that exhibits the connection between between pairs of
computations and their potential product programs. This relation should be closed under the
monadic construction of the effects, that is

ap @ Ay as : Ay M1 XM~ Myl Vay ag, fi a1 X fa ag~ frel (a1, a2)

ret™ qy xretM? gyoret? (a1,as2) bind™ my fi xbind™2 my forbind®” My frel

but also spells out how particular effects that P supports correspond to the effects from M; and
Mas.

Second, to fully reproduce the product program methodology, we need to explain how speci-
fications relate to product programs. We can use simple relational specification monads (subsec-
tion 6.2.1) for specifying the properties on products programs. The lifting of unary specification
monads described there extends to unary effect observations, providing an important source of
examples of effect observations for product programs. For example, going back to the example
of state, we can specify product programs in P(A;, A2) = Stg,xs,(A1 X Az) with specifi-
cations provided by the simple relational specification monad W5, and the effect observation
¢ : P — W5! obtained by lifting the unary effect observation 65 : St — W5 from section 2.4,
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resulting in
C (f : Sl X SQ — (A1 X Ag) X (Sl X SQ)) = )\(,0 (81,82) ) O'(f (81782))

where o : (A1 xAg)x(S1xS2)— (A1 x51)x(AgxS2) simply swaps the arguments. Then, the
concrete proof verifying the property w in this step consists of proving {(c¢) < w as usual.

Finally, the third step simply relies on (proving and then) applying a soundness theorem for
product programs as stated below.

Theorem 6.4.1 (Soundess of product programs). If c1 Xco~c and ((c) < w, thenFy , c1 ~
co {w}.

For state, this theorem is proved by analyzing the relation ¢; xca~+c and showing in each
case that our choice of 8, and ( agree.

The interpretation of product programs as computations in a relative monad accommodate
well the product program methodology. In particular we expect that algebraic presentations of
these relative monads used for product programs could shed light on the choice of primitive rules
in relational program logics, in a Curry-Howard fashion. We leave this as a stimulating future
work.

6.5 Related work

Many different relational verification tools have been proposed, making different trade-offs, es-
pecially between automation and expressiveness. This section surveys this prior work, starting
with the techniques that are closest related to ours.

Relational program logics Relational program logics are very expressive and provide a for-
mal foundation for various tools, which have found practical applications in many domains. Ben-
ton (2004) introduced Relational Hoare Logic (RHL) as a way to prove the correctness of various
static analysis and optimizing transformations for imperative programs. Yang (2007) extended
this to the relational verification of pointer-manipulating programs. Barthe et al.’s (2009) intro-
duced pRHL as an extension of RHL to discrete probabilities and showed that pRHL can provide
a solid foundation for cryptographic proofs, which inspired further research in this area (Barthe
et al., 2014; Basin et al., 2017; Petcher and Morrisett, 2015; Unruh, 2019) and lead to the creation
of semi-automated tools such as EasyCrypt (Barthe et al., 2013a). Barthe et al. (2013b) also ap-
plied variants of pRHL to differential privacy, which led to the discovery of a strong connection
(Barthe et al., 2017) between coupling proofs in probability theory and relational program logic
proofs, which are in turn connected to product programs even without probabilities (Barthe et al.,
2016).

Carbin et al. (2012) introduced a program logic for proving acceptability properties of approx-
imate program transformations. Nanevski et al. (2013) proposed Relational Hoare Type Theory
(RHTT), a verification system for proving rich information flow and access control policies about
pointer-manipulating programs in dependent type theory. Banerjee et al. (2016) addressed sim-
ilar problems using a relational program logic with framing and hypotheses. Sousa and Dillig
(2016) devised Cartesian Hoare Logic for verifying k-safety hyperproperties and implement it
in the DESCARTES tool. Finally, Aguirre et al. (2017) introduced Relational Higher-Order Logic
(RHOL) as a way of proving relational properties of pure programs in a simply typed A-calculus
with inductive types and recursive definitions. RHOL was later separately extended to two dif-
ferent monadic effects: cost (Radicek et al., 2018) and continuous probabilities with conditioning
(Sato et al., 2019).

Each of these logics is specific to a particular combination of side-effects that is fixed by the
programming language and verification framework. We instead introduce a general framework
for defining program logics for arbitrary monadic effects.



112 CHAPTER 6. RELATIONAL REASONING

Relators Gavazzo (2018) recently proposed a type system for differential privacy that is param-
eterized by a signature of algebraic effects. The type system is given a relational interpretation
in terms of relators, which lift relations on values to relations on monadic computations:

F:(A1XA2—)P)*>MA1XMA2*>P.

Lochbihler (2018) also used relators in a recent library for effect polymorphic definitions
and proofs in Isabelle/HOL, based on value-monomorphic monads. There seems to be a strong
connection between such relators and the effect observations going into one of the simplest
relational specification monads we consider: (A; X As — P) — P. Such an effect observation
has type

MA1XMA2—>(A1XA2—>P)—>P,

which is isomorphic to the type of the relator I' above (this is obvious to see by just swapping the
two arguments). While further investigating this connection is very interesting, since relators
are inherently lax this requires first working out the theory of lax effect observations, for which
the relative monad morphism laws hold with < instead of = (see the end of subsection 6.2.2).
While we expect such an extension to our framework to be possible and generally useful, the
technical development is involved even for the simple setting of section 6.2, so we leave it for
future work.

Relational models of type theory The relational dependent type theory RDTT we employ
in section 6.3 and the translation from the ambient type theory to RDTT is inspired by the para-
metricity translations for dependent type theory of Bernardy and Lasson (2011). Relations on
types can also be internalized inside dependent type theory, making them first class citizens,
as in the work of Nuyts and Devriese (2018) where it is used to characterize various properties
such as continuity or parametricity. The work of Cavallo and Harper (2019) on cubical models of
type theory introduce an interesting property on these internalizations called relativity, playing
a similar role as univalence for equivalences.

Type systems and static analysis tools Various type systems and static analysis tools have
been proposed for statically checking relational properties in a sound, automatic, but over-
approximate way. The type systems for information flow control generally trade off precision for
good automation (Sabelfeld and Myers, 2003). Various specialized type systems and static analy-
sis tools have also been proposed for checking differential privacy (Barthe et al., 2015; Gaboardi
et al.,, 2013; Gavazzo, 2018; Winograd-Cort et al., 2017; Zhang and Kifer, 2017; Zhang et al., 2019)
or doing relational cost analysis (Cicek et al., 2017; Qu et al., 2019).

Product program constructions Product program constructions and self-composition are
techniques aimed at reducing the verification of k-safety hyperproperties (Clarkson and Schnei-
der, 2010) to the verification of traditional (unary) safety proprieties of a product program that
emulates the behavior of multiple input programs. Multiple such constructions have been pro-
posed (Barthe et al., 2016) targeted for instance at secure IFC (Barthe et al., 2011; Naumann, 2006;
Terauchi and Aiken, 2005; Yasuoka and Terauchi, 2014), program equivalence for compiler vali-
dation (Zaks and Pnueli, 2008), equivalence checking and computing semantic differences (Lahiri
etal., 2012), program approximation (He et al., 2018). Sousa and Dillig’s (2016) DESCARTES tool for
k-safety properties also creates k copies of the program, but uses lockstep reasoning to improve
performance by more tightly coupling the key invariants across the program copies. Antonopou-
los et al. (2017) develop a tool that obtains better scalability by using a new decomposition of
programs instead of using self-composition for k-safety problems. Eilers et al. (2018) propose
a modular product program construction that permits hyperproperties in procedure specifica-
tions. Recently, Farzan and Vandikas (2019) propose an automated verification technique for
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hypersafety properties by constructing a proof for a small representative set of runs of the prod-
uct program.

Logical relations and bisimulations Many semantic techniques have been proposed for rea-
soning about relational properties such as observational equivalence, including techniques based
on binary logical relations (Ahmed et al., 2009; Benton et al., 2009, 2013, 2014; Dreyer et al., 2010,
2011, 2012; Mitchell, 1986), bisimulations (Dal Lago et al., 2017; Koutavas and Wand, 2006; San-
giorgi et al,, 2011; Sumii, 2009), and combinations thereof (Hur et al.,, 2012, 2014). While these
powerful techniques are often not directly automated, they can still be used for verification
(Timany and Birkedal, 2019) and for providing semantic correctness proofs for relational pro-
gram logics (Dreyer et al., 2010, 2011) and other verification tools (Benton et al., 2016; Gavazzo,
2018).

Other program equivalence techniques Beyond the ones already mentioned above, many
other techniques targeted at program equivalence have been proposed; we briefly review several
recent works: Benton et al. (2009) do manual proofs of correctness of compiler optimizations
using partial equivalence relations. Kundu et al. (2009) do automatic translation validation of
compiler optimizations by checking equivalence of partially specified programs that can repre-
sent multiple concrete programs. Godlin and Strichman (2010) propose proof rules for proving
the equivalence of recursive procedures. Lucanu and Rusu (2015) and Stefan Ciobaci et al. (2016)
generalize this to a set of co-inductive equivalence proof rules that are language-independent.
Wang et al. (2018) verify equivalence between a pair of programs that operate over databases
with different schemas using bisimulation invariants over relational algebras with updates. Fi-
nally, automatically checking the equivalence of processes in a process calculus is an important
building block for security protocol analysis (Blanchet et al., 2008; Chadha et al., 2016).

6.6 Conclusion

We introduced in this chapter semantics tools to analyse relational program logics for arbitrary
monadic effects by extending the notions of specification monads and effect observations to this
relational setting. We can then reconstruct relational program logics for specific effects in a
principled way using the general building blocks provided in subsection 6.2.4 and combining
them with effect specific rules along the lines of subsection 6.2.5. An interesting research direc-
tion, opened by the correspondence with product programs, would be to develop techniques to
select which proof rules should be considered as primitive, using proof-theoretical tools like fo-
cusing (Zeilberger, 2009), but also investigating at the categorical level notions of presentations
of relative monads, in connection with the theory of monads with arities (Berger et al., 2012).
Finally, it also remains to be seen whether our notion of relational effect observations can be
generalized to turn the laws from equalities to inequalities. The proof of Thm. 6.2.2 from subsec-
tion 6.2.4 would be easy to extend, and this extension would allow for more examples, including
the ones previously done using relators such as simulations for nondeterminism (Dal Lago et al.,
2017), and would also make certain examples such as relational partial correctness easier. Yet a
technical development following the ideas of chapter 3 seems more involved, even for the simple
setting of section 6.2.
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Principes de la vérification de programmes a effets monadiques arbitraires

Les effets de bord présent dans les langages de programmation tel que I’état mutable, la divergence ou le non détermin-
isme sont capturés de maniére élégante par des monades. Plusieurs systémes ont été proposés pour spécifier et prouver
que des programmes manipulant une certaine combinaison d’effets respectent leur spécification. Par exemple, la logique
de Hoare permet de vérifier la correction de programmes manipulant la mémoire en stipulant des prédicats sur les états
initiaux et finaux.

Le but de cette thése est de définir un cadre sémantique générique pour vérifier que des programmes avec des effets
monadique arbitraire respectent de telles spécifications.

Le point de départ de ce travail sont les monades de Dijkstra, des structures monadiques classifiant un ensemble de
calculs avec effets respectant une certaine spécification, elle-méme appartenant a une monade. Ces monades de Dijkstra
se sont révélées efficaces en pratique pour vérifier des programmes a effets, notamment dans le cadre du langage F* ou
elles permettent de calculer des conditions de vérifications pour une certaine classe d’effets monadiques. Dans notre
travail, nous étudions les structures algébriques sous-jacentes aux monades de Dijkstra, révélant un cadre riche pour la
vérification de propriétés non relationnelles en présence d’effets arbitraires. Un point important est la correspondance
entre monades de Dijkstra et observations d’effets, c’est a dire une application entre une monade de calcul et une monade
de spécification respectant la structure monadique.

Ces observations d’effets permettent des interprétations diverses des effets tel que la correction totale ou partielle, ou
encore le non-déterminisme angélique ou démoniaque. Elles sont aussi la notion clé pour étendre notre cadre a des pro-
priétés relationnelles, c’est a dire des propriétés décrivant le comportement de plusieurs exécutions d’'un programme ou
des exécution de plusieurs programmes, comme la non-interférence ou I’équivalence observationnelle de programmes.
Pour parvenir a cette généralisation nous développons les notions de monades de spécifications et d’observation d’effets
dans le cadre des monades relatives.

Principles of Program Verificationfor Arbitrary Monadic Effects

Computational monads are a convenient algebraic gadget to uniformly represent side-effects in programming languages,
such as mutable state, divergence, exceptions, or non-determinism. Various frameworks for verifying that programs
and meet their specification have been proposed, but are all are specific to a particular combination of side-effects. For
instance, one can use Hoare logic to verify the functional correctness of programs with mutable state with respect to
pre/post-conditions specifications.

This thesis devises a principled semantic framework for verifying programs with arbitrary monadic effects in a
generic way with respect to such expressive specifications. The starting point are Dijkstra monads, which are monad-
like structures that classify effectful computations satisfying a specification drawn from a monad. Dijkstra monads have
already proven valuable in practice for verifying effectful code, and in particular, they allow the F* program verifier to
compute verification conditions.

We provide the first semantic investigation of the algebraic structure underlying Dijkstra monads and unveil a
close relationship between Dijkstra monads and effect observations, i.e., mappings between a computational and a
specification monad that respect their monadic structure. Effect observations are flexible enough to provide various
interpretations of effects, for instance total vs partial correctness, or angelic vs demonic nondeterminism. Our semantic
investigation relies on a general theory of specification monads and effect observations, using an enriched notion of
relative monads and relative monad morphisms. We moreover show that a large variety of specification monads can be
obtained by applying monad transformers to various base specification monads, including predicate transformers and
Hoare-style pre- and postconditions. For defining correct monad transformers, we design a language inspired by the
categorical analysis of the relationship between monad transformers and algebras for a monad.

We also adapt our framework to relational verification, i.e., proving relational properties between multiple runs of
one or more programs, such as noninterference or program equivalence. For this we extend specification monads and
effect observations to the relational setting and use them to derive the semantics and core rules of a relational program
logic generically for any monadic effect. Finally, we identify and overcome conceptual challenges that prevented previ-
ous relational program logics from properly dealing with effects such as exceptions, and are the first to provide a proper

semantic foundation and a relational program logic for exceptions.
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